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Introdu
tion Mixing model BMF methods Tests Separability, 
onditioning Tests Con
lusionIntrodu
tionBlind sour
e separation (BSS)
⇒ advan
ed 
on�gurations: nonlinear mixing models
⇒ major 
lass: linear-quadrati
 (LQ), in
luding bilinearBilinear / LQ mixtures:theoreti
al interest + appli
ations:

• unmixing of remote sensing data
• pro
essing of s
anned images (show-through e�e
t)
• analysis of gas sensor array datageneri
 model: trun
ated polynomial series
⇒ approximation of (unknown) modelTopi
s of this talk: (1) BMF Methods:Bilinear BSS methods based on Matrix Fa
torization+ extension to nonnegativity 
onstraints(2) unsupervised unmixing of urban hyperspe
tral images3



Introdu
tion Mixing model BMF methods Tests Separability, 
onditioning Tests Con
lusion1 Introdu
tion2 Mixing model3 BMF methods4 Tests5 Separability, 
onditioning6 Tests7 Con
lusion4



Introdu
tion Mixing model BMF methods Tests Separability, 
onditioning Tests Con
lusionBilinear mixing model: one sampleS
alar form:xi(n) =

M
∑j=1 aijsj(n) +

M−1
∑j=1 M

∑k=j+1 bijksj(n)sk(n) (1)Appli
ation to remote sensing [Meganem 2014a℄:aij = abundan
e, sj(n) = re�e
tan
e spe
trum ρj(λ),single re�e
tion: linear, double re�e
tion: quadrati

sensor

ᵨm

ᵨk

Lenv(ᵨkᵨm)
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Introdu
tion Mixing model BMF methods Tests Separability, 
onditioning Tests Con
lusionBilinear mixing model: one sampleS
alar form:xi(n) =
M

∑j=1 aijsj(n) +
M−1
∑j=1 M

∑k=j+1 bijksj(n)sk(n) (2)First matrix form:x(n) = As(n) + Bp(n) (3)with 
olumn ve
tor p(n): all sour
e produ
ts sj(n)sk(n)Se
ond matrix form:x(n) = Ãs̃(n) (4)with �extended sour
es� and �extended mixing matrix�:s̃(n) =

[ s(n)p(n) ] and Ã = [A B] (5)6



Introdu
tion Mixing model BMF methods Tests Separability, 
onditioning Tests Con
lusionBilinear mixing model: all samples
Multi-sample matrix-form mixing model:x(n) = Ãs̃(n) ⇒ X = ÃS̃ (6)with S̃ = [s̃(1), . . . , s̃(N)] (7)X = [x(1), . . . , x(N)] (8)

7



Introdu
tion Mixing model BMF methods Tests Separability, 
onditioning Tests Con
lusion1 Introdu
tion2 Mixing model3 BMF methods4 Tests5 Separability, 
onditioning6 Tests7 Con
lusion8



Introdu
tion Mixing model BMF methods Tests Separability, 
onditioning Tests Con
lusionBMF methods using a sour
e-
onstrained stru
tureGoal of BSS:provide estimates of sour
e signals,by using adequately tuned parameters
⇒ methods:A standard approa
h:
ombine observations a

ording to model whi
himplements 
lass of fun
tions = inverse of 
lass offun
tions 
orresponding to mixing model+ sele
t parameter valuesOther approa
h here:separating system whi
h models dire
t fun
tion,i.e. mixing fun
tion:needed for nonlinear mixture9



Introdu
tion Mixing model BMF methods Tests Separability, 
onditioning Tests Con
lusion... using a sour
e-
onstrained stru
ture (
ont'd)Mixing and separating data stru
tures:Mixing fun
tion: X = ÃS̃ (9)
⇒ variables of separating stru
ture: matri
es C andD, whi
h respe
tively estimate Ã and S̃(possibly up to indetermina
ies)Rows of S̃ and D: ve
tors used to de
ompose rows of XÃ and C 
ontain 
oe�
ients of this de
ompositionConstraint on S̃ and therefore D:top M rows of D: master, i.e. freely tuned, variables,denoted as d1 to dMsubsequent rows of D: slave variables,updated together with above top rows,so as to 
ontain element-wise produ
ts dj ⊙ dk10



Introdu
tion Mixing model BMF methods Tests Separability, 
onditioning Tests Con
lusion... using a sour
e-
onstrained stru
ture (
ont'd)Separation prin
iple:update C and D so that CD �ts X ,in order to ideally a
hieve CD = X
⇒ 
lass of methods and separation prin
iple = BMF
⇒ several adaptation 
riteria for C and D, e.g:1 minimize 
ost fun
tionJ1 = ||X − CD||F (10)2 modi�ed approa
h: see belowSame as our previous approa
h for LQ mixtures[Meganem 2014b℄,but here no nonnegativity 
onstraints on sour
es andmixing 
oe�
ients !(nor �sum-to-one 
onstraint�, thanks to bilinear mixing)11



Introdu
tion Mixing model BMF methods Tests Separability, 
onditioning Tests Con
lusionBMF Methods using a doubly-
onstrained stru
tureMatrix C :In above method: master variableIn following method [Deville 2015℄: slave variable
⇒ only master variable: top M rows of DNew adaptation s
heme:in ea
h o

uren
e of adaptation loop for D,slave variable C is set to its optimum value,i.e. to its value whi
h minimizes ||X − CD||F wrt C for
onsidered value of D

⇒ least squares solution:Copt = XDT (DDT )−1 (11)
⇒ 
ost fun
tion:J2 = ||X (I − DT (DDT )−1D)||F (12)12



Introdu
tion Mixing model BMF methods Tests Separability, 
onditioning Tests Con
lusion... using a doubly-
onstrained stru
ture (
ont'd)Attra
tive features:sear
hed spa
e has a mu
h lower dimension
⇒ 
omputational time, 
onvergen
e propertiesJ2 de�ned by 
losed-form expression
⇒ gradient-based optimization algorithms

⇒ various separation algorithms:Derivative-free: Nelder-Mead method,as implemented in fminsear
h() Matlab fun
tion[Deville 2015℄Gradient-based method ⇒ our 
al
ulations+ nonnegativity 
onstraint[Benhalou
he 2016℄13
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Introdu
tion Mixing model BMF methods Tests Separability, 
onditioning Tests Con
lusionTest resultsPure spe
tra: 8 urban spe
traCoe�
ients:linear: average 
lassi�
ation results over windowsquadrati
: Fan's modelUnmixing methods:this talk: optimize J2: 2 versions: (1) gradient, (2)Nelder-Mead, both with nonnegativity 
onstraintlinear NMF and extended NMFour previous LQ methods: multipli
ative, gradient,gradient-Newton
15
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Introdu
tion Mixing model BMF methods Tests Separability, 
onditioning Tests Con
lusionSeparabilityNew phenomenon, due to nonlinearity of mixture:linear independen
e of sour
es and some produ
ts
⇒ separability guaranteed for BMF without 
onstraint
6= too high indetermina
ies in linear BSS
⇒ e.g. nonnegativity 
onstraint in linear NMFPhenomenon due to separation prin
iple of BMF:sele
t C and D so that CD �ts XFor arbitrary value of top M rows of D:row ve
tors of matrix produ
t CD: 
ombinations of:the M ve
tors d1 to dMtheir produ
ts dj ⊙ dk17



Introdu
tion Mixing model BMF methods Tests Separability, 
onditioning Tests Con
lusionSeparability and 
onditioningWhen ea
h dj is not 
ollinear to one of the a
tual sour
eve
tors,but is a (bi)linear 
ombination of the latter ve
tors:following property hoped:ve
tor produ
ts dj ⊙ dk have �
omplex form� and are thusoutside subspa
e spanned by a
tual sour
e ve
tors andtheir produ
ts,i.e. outside subspa
e spanned by rows of X
⇒ CD 
annot exa
tly �t X , wathever the value of CConversely, exa
t �t CD = X hoped to be a
hievedonly when D extra
ts the sour
e signals(up to s
aling and permutation)Formal proof for 2 sour
es: see [Deville 2015℄Other issue: 
onditioning18
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Introdu
tion Mixing model BMF methods Tests Separability, 
onditioning Tests Con
lusionDataToy example, related to remote sensing:sour
e ve
tors s1 and s2:re�e
tan
e spe
tra,derived from USGS hyperspe
tral database:ea
h sour
e sample is here obtained as average of 200adja
ent samples of an original USGS spe
trum
⇒ sour
e ve
tors thus redu
ed to 10 samples10 syntheti
 but realisti
 bilinear mixtures,random, uniform, 
oe�
ients: aij ∈ [0, 1], bijk ∈ [0, 0.2],aij res
aled to sum to one100 Monte-Carlo tests20
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tion Mixing model BMF methods Tests Separability, 
onditioning Tests Con
lusionBSS method, performan
e 
riteriaMethod: BMF prin
iple, least squares Copt , Nelder-Meadno nonnegativity 
onstraintInitialization of d1 and d2:s1 and s2 + random noise, uniform over [−0.05, 0.05]Normalized root-mean-square error for sour
es:Esr
 =

√ mini 6=j∈{1,2} (Fij)
√

||s1||2 + ||s2||2 (13)with Fij equal to:min
ǫ1=±1(

||s1 + ǫ1 ||s1||
||di ||di ||2) + min

ǫ2=±1 (

||s2 + ǫ2 ||s2||
||dj ||dj ||2)Normalized re
onstru
tion error:Ere
ons =

||X − CoptD||F
||X ||F (14)21
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lusionS
atter plot in (Esr
 ,Ere
ons) plane, before BMF
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lusionS
atter plot in (Esr
 ,Ere
ons) plane, after BMF
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As expe
ted, J2 strongly de
reased
⇒ good �t of CD wrt XBut 
onditioning issue: sour
e estimates:may be signi�
antly di�erent from a
tual sour
e ve
tors23
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Introdu
tion Mixing model BMF methods Tests Separability, 
onditioning Tests Con
lusionCon
lusionProposed BMF 
lass of BSS methods is attra
tive:1 it initially does not require statisti
al independen
e,nonnegativity or sparsity of sour
e signals,but only linear independen
e of sour
es and someelement-wise sour
e produ
ts2 it does not require knowing analyti
al form of inverse ofmixing model,but only of dire
t model, i.e. mixing model3 its separation prin
iple was shown to ensure theoreti
alseparability (for 2 sour
es at this stage)Some 
orresponding pra
ti
al 
ost fun
tions andalgorithms may lead to numeri
al 
onditioning issues
⇒ avoided with 
onstraints, e.g. nonnegativityVarious extensions: work in progress25
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