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• (semi-)supervised automatic detection for near-IR spectroscopy

• Summary (quick look) of the dataset

• Based on advance signal treatment 

and machine learning

• NO PRECISE QUANTIFICATION

Goal



Theory
• Estimation of endmember spectra (lab) and abundances 

under constraints:

Observation

subject to 
positivity

sum-to-one

Number of endmember
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Approximation of Radiative Transfer for
Surface Spectral Features

Frédéric Schmidt

Abstract— Remote sensing hyperspectral and, more generally,
spectral instruments are common tools to decipher surface
features in Earth and Planetary science. While linear mixture
is the most common approximation for compounds detection
(mineral, water, ice, and so on), the transfer of light in surface and
atmospheric medium are highly nonlinear. The exact simulation
of nonlinearities can be estimated at very high numerical cost.
Here, I propose a very simple nonlinear form (that includes the
regular linear area mixture) of radiative transfer to approximate
surface spectral feature. I demonstrate that this analytical form
is able to approximate the grain size and intimate mixture
dependence of surface features. In addition, the same analytical
form can approximate the effect of Martian mineral aerosols.
Unfortunately, Earth aerosols are more complex (water droplet,
water ice, soot, and so on) and are not expected to follow the
same trend.

Index Terms— Aerosols scattering, grain size, hyperspectral,
intimate mixture, nonlinear, radiative transfer, unmixing.

I. INTRODUCTION

REMOTE sensing hyperspectral images and spectral data
are highly valuable to decipher surface’s characteristics,

such as composition but also grain size and roughness. The
standard approximation for data analysis is the linear mixing.
This approximation has been used to propose algorithms
to estimate abundances, knowing the end-members (usually
laboratory of pure chemical compounds), incorporating several
levels of complexity, such as positivity constraint [1], spar-
sity [2], and end-member variability [3]. Also, this approx-
imation can be used in a nonsupervised manner, leading
to other class of algorithm, such as principal/independent
component analysis [4] and blind source separation [5]. This
type of approach has been reviewed in [6]. Adding nonlinear
complexity is often out of the scope of such algorithms due
to overwhelm complexity. More recently, some nonlinearities
have been included in the data analysis in bilinear form [7],
using kernels [2]. This type of model has been reviewed
in [8] and [9]. Unfortunately, the full nonlinearities are only
tractable using Bayesian Monte Carlo inversion approach, such
as in [10], [11], and [12]. The latter class of method is very
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powerful but is impossible to apply on large spectral data,
especially when the end-members are not known beforehand.
The standard data analysis has, thus, two steps: 1) performing
a relatively fast algorithm to identify the compounds and 2) a
robust algorithm to quantify the surface properties.

In the spirit of [3] who proposed a simplification of Hapke’s
theory [13], here, I propose a new approximation of radiative
transfer in soil and Martian atmosphere in order to mimic
nonlinear effect of light propagation in complex media. This
formulation shall be used to define a new generation of algo-
rithms. Please note that the Hapke’s work [13] and Shkuratov
model [14] are only valid in geometrical optic approximation,
i.e., for grain size larger than wavelength.

A. Method
The standard mixing model used for spectra data analysis

is the linear mixture of spectra

Y =
NX

i=1

Ai.Si (1)

with Y the simulation spectra, Si the collection N spectra,
referred as spectral database, Ai the mixing coefficient, and
N j the number of spectral bands.

In order to easily mimic the effect of the main nonlinear
effect: grain size, intimate mixture, and aerosols, I propose to
add an alteration in the form of

Y =
NX

i=1

Ai .Si
↵ + � (2)

with ↵ > 0 an exponent that models the change in band depth
and � a constant that models the brightness-level change. Si

↵

does not represent a matrix exponentiation but a single value
operation on each element of Si. If the grain size/aerosols are
not homogeneous in the scene, ↵ and � may change spatially.

In order to validate the ability of this simple model to
reproduce nonlinear effect, we compare it with nonlinear
simulation, such as in [15]. The effect of grain size is simulated
using the Shkuratov model [14], assuming a refractive index of
1.7, a porosity of 20%, and a grain size �. We first estimate the
imaginary part of the optical constant  and then regenerate a
synthetic spectra with a new grain size � ⇤ fact. The grain size
factor fact varies from 10�3 to 103. In case of granular mixture,
we tested the proportion of 100%, 99.9%, 99%, 90%, 66%,
and 50% and their complementary part (called prop). We used
the same 26 mineral spectra as in [15].
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powerful but is impossible to apply on large spectral data,
especially when the end-members are not known beforehand.
The standard data analysis has, thus, two steps: 1) performing
a relatively fast algorithm to identify the compounds and 2) a
robust algorithm to quantify the surface properties.

In the spirit of [3] who proposed a simplification of Hapke’s
theory [13], here, I propose a new approximation of radiative
transfer in soil and Martian atmosphere in order to mimic
nonlinear effect of light propagation in complex media. This
formulation shall be used to define a new generation of algo-
rithms. Please note that the Hapke’s work [13] and Shkuratov
model [14] are only valid in geometrical optic approximation,
i.e., for grain size larger than wavelength.

A. Method
The standard mixing model used for spectra data analysis

is the linear mixture of spectra

Y =
NX

i=1

Ai.Si (1)

with Y the simulation spectra, Si the collection N spectra,
referred as spectral database, Ai the mixing coefficient, and
N j the number of spectral bands.

In order to easily mimic the effect of the main nonlinear
effect: grain size, intimate mixture, and aerosols, I propose to
add an alteration in the form of

Y =
NX

i=1

Ai .Si
↵ + � (2)

with ↵ > 0 an exponent that models the change in band depth
and � a constant that models the brightness-level change. Si

↵

does not represent a matrix exponentiation but a single value
operation on each element of Si. If the grain size/aerosols are
not homogeneous in the scene, ↵ and � may change spatially.

In order to validate the ability of this simple model to
reproduce nonlinear effect, we compare it with nonlinear
simulation, such as in [15]. The effect of grain size is simulated
using the Shkuratov model [14], assuming a refractive index of
1.7, a porosity of 20%, and a grain size �. We first estimate the
imaginary part of the optical constant  and then regenerate a
synthetic spectra with a new grain size � ⇤ fact. The grain size
factor fact varies from 10�3 to 103. In case of granular mixture,
we tested the proportion of 100%, 99.9%, 99%, 90%, 66%,
and 50% and their complementary part (called prop). We used
the same 26 mineral spectra as in [15].
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A. Approximation of non-linearities
• Simple non-linearity of abundances, under constraints

• Test of radiative transfer ?
Shkuratov et al., 1999
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(Io and I are intensities of light in the points of entrance and exit,
respectively). Summation over all ray trajectories, i.e., over all
entrance points and all branching points for each entrance point
provides the intensity of light reflected by the medium.

Method of summation. For an analytic summation, different
methods are applied. To demonstrate one of them, we use a
simple example. Consider a ray incident on the particle interface
at an angle θin. Refracting into the particle the ray is reflected
m times from the internal side of the particle interface at angles
θν (ν= 1−m) and then emerges from the particle at an angle
θem. The intensity of the ray is

I = Io · T (θem) · T (θin) · exp
(

−4πκ
λ

m∑

ν=0
sν

)
·

m∏

ν=0
R(θν), (1)

where T (θin) and T (θem) are the transmission coefficients for
light coming and outgoing, R(θν) is the reflectance coefficient
for νth reflection by the internal side of particle interface (at
ν= 0, R= 1), and sν is the distance between internal reflections.
Now a subset of rays scattered by the particle such that the rays
in the subset are distinguished by the entrance angles θin can be
considered. Summing (averaging) all the rays yields

Ī = Io · T̄ in · T (θem) ·
m∏

ν=0
R(θν) · exp

(
−4πκ

λ

m∑

ν=0
sν

)
. (2)

We can repeat this procedure for the angle θem, each angle θν ,
and distance sν . Then

⟨I ⟩ = Io · T̄ in · T̄ em ·
m∏

ν=0
R̄(θν) · exp

(
−4πκ

λ

m∑

ν=0
sν

)
. (3)

The average path length S in the particle between two internal
reflections is defined as

exp
(

−4πκ
λ

m∑

ν=0
sν

)
= exp

(
−4πκ

λ
mS

)
. (4)

Belowwe ignore the symbols of averaging and use the following
designation: Te and Ti are the average transmittances for light
penetrating into particle from outside and in the opposite direc-
tion, respectively, and Ri is the average coefficient of internal
reflection inside particle.

Albedo of a particle. Denote rb and rf the fractions of light
flux scattered by a particle into the backward and forward hemi-
sphere, respectively. They can be presented as series on mul-
tiplicity scattering, where the first term is the fraction of the
incident flux reflected by the surface of a particle, the second
one describes the flux transmitted through a particle, the third

one takes an internal reflection into account, and so on; i.e.,

rb = Rb + W2TeTi exp(−τ )+ W3TeTiRi exp(−2τ )+ · · ·

= Rb + TeTi
∞∑

m=1
Wm+1Rm−1

i exp(−mτ ), (5a)

rf = Rf + (1− W2)TeTi exp(−τ )

+ (1− W3)TeTiRi exp(−2τ )+ · · ·

= Rf + TeTi
∞∑

m=1
(1− Wm+1)Rm−1

i exp(−mτ ), (5b)

where τ is defined in the beginning of this section, Wm are the
probabilities for the beam to emerge backward atmth scattering,
Rb and Rf are the average (backward and forward) reflectance
coefficients. They are

Rb =
∫ 2π
0 dψ

∫ π/4
0 dθ · Ro(n, θ ) · cos θ · sin θ

∫ 2π
0 dψ

∫ π/2
0 dθ · cos θ · sin θ

= 2
∫ π/4

0
dθ · Ro(n, θ ) · cos θ · sin θ, (6a)

Rf =
∫ 2π
0 dψ

∫ π/2
π/4 dθ · Ro(n, θ ) · cos θ · sin θ

∫ 2π
0 dψ

∫ π/2
0 dθ · cos θ · sin θ

= 2
∫ π/2

π/4
dθ · Ro(n, θ ) · cos θ · sin θ, (6b)

where Ro is the Fresnel coefficient. The value Ri can be found
as

Ri −
∫ 2π
0 dψ

∫ π/2
0 dθ · Ro

( 1
n , θ

)
· cos θ · sin θ

∫ 2π
0 dψ

∫ π/2
0 dθ · cos θ · sin θ

= n2 − 1
n2

+ 2
∫ θo

0
dθ · Ro

(
1
n
, θ

)
· cos θ · sin θ, (6c)

where θo = arc sin(1/n) is the angle of the full internal reflection.
The average transmittances Te and Ti are calculated in the same
way by averaging transmission coefficients.
For a homogeneous particle (without a thin light-absorbing

layer on the surface) there are simple relations between the val-
ues of R- and T -type. Denote Re = Rb + Rf. Then

Te = 1− Re, Ti = 1− Ri. (7a)

Integration of (6c) gives

Ti = Te/n2, Ri = 1− (1− Re)/n2. (7b)
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θ
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Ī = Io · T̄
in · T (θem ) · m∏

ν=0
R(θ

ν ) · exp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
.
(2)

We can repeat this procedure for the angle θem , each angle θ
ν ,

and distance s
ν . Then⟨I ⟩ = Io · T̄

in · T̄
em · m∏

ν=0
R̄(θ

ν ) · exp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
.
(3)

The average path length S in the particle between two internal

reflections is defined asexp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
= exp

(
− 4πκ
λ mS

)
.

(4)

Belowwe ignore the symbols of averaging and use the following

designation: Te and Ti are the average transmittances for light

penetrating into particle from outside and in the opposite direc-

tion, respectively, and Ri is the average coefficient of internal

reflection inside particle.

Albedo of a particle. Denote rb and rf the fractions of light

flux scattered by a particle into the backward and forward hemi-

sphere, respectively. They can be presented as series on mul-

tiplicity scattering, where the first term is the fraction of the

incident flux reflected by the surface of a particle, the second

one describes the flux transmitted through a particle, the third

one takes an internal reflection into account, and so on; i.e.,

rb = Rb +W
2 Te Ti exp(−τ )+W

3 Te Ti Ri exp(−2τ )+ · · ·

= Rb + Te Ti
∞∑

m=1
W
m+1 R m−1i exp(−mτ ),

(5a)

rf = Rf + (1−W
2 )Te Ti exp(−τ )

+ (1−W
3 )Te Ti Ri exp(−2τ )+ · · ·

= Rf + Te Ti
∞∑

m=1
(1−W

m+1 )R m−1i exp(−mτ ),
(5b)

where τ is defined in the beginning of this section, W
m are the

probabilities for the beam to emerge backward atmth scattering,

Rb and Rf are the average (backward and forward) reflectance

coefficients. They areRb = ∫
2π0 dψ ∫

π/40 dθ · Ro (n, θ ) · cos θ · sin θ

∫
2π0 dψ ∫

π/20 dθ · cos θ · sin θ

= 2
∫
π/4

0 dθ · Ro (n, θ ) · cos θ · sin θ,

(6a)

Rf =
∫
2π0 dψ ∫

π/2π/4 dθ · Ro (n, θ ) · cos θ · sin θ

∫
2π0 dψ ∫

π/20 dθ · cos θ · sin θ

= 2
∫
π/2

π/4 dθ · Ro (n, θ ) · cos θ · sin θ,

(6b)

where Ro is the Fresnel coefficient. The value Ri can be found

as

Ri −
∫
2π0 dψ ∫

π/20 dθ · Ro (
1
n , θ )

· cos θ · sin θ

∫
2π0 dψ ∫

π/20 dθ · cos θ · sin θ

= n 2− 1n 2 + 2
∫
θo

0 dθ · Ro
(
1

n , θ
)
· cos θ · sin θ, (6c)

where θo = arc sin(1/n) is the angle of the full internal reflection.

The average transmittances Te and Ti are calculated in the same

way by averaging transmission coefficients.

For a homogeneous particle (without a thin light-absorbing

layer on the surface) there are simple relations between the val-

ues of R- and T -type. Denote Re = Rb + Rf . Then

Te = 1− Re ,
Ti = 1− Ri .

(7a)

Integration of (6c) givesTi = Te /n 2
,

Ri = 1− (1− Re )/n 2
.

(7b)
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(8c)
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Calculations of Rb, Re, and Ri in the range of n= 1.4–1.7showed the following empirical approximations to be satisfac-tory:

Rb ≈ (0.28 · n − 0.20)Re, (8a)
Re ≈ ro + 0.05, (8b)
Ri ≈ 1.04− 1/n2, (8c)

where ro = (n − 1)2/(n + 1)2 is the Fresnel coefficient at thenormal incidence. Due to the total internal reflection, Ri is al-ways larger than Re. Note that the approximation (8b) has beenpublished by Hapke (1981).
Now we evaluate the probabilities Wm . This is easy to dofor a large order of scattering when a light beam “forgets” itsinitial direction and all directions become equally probable—forthis case Wm = 1/2. Such an estimation is not correct for smallm becauseW2 = 0, since the light transmitted through a particlewithout internal reflections cannot be directed toward the source.Unfortunately, in the frames of the approach proposed, a moredetailed estimation of Wm is impossible; so we assume furtherthat W2 = 0 and Wm = 1/2 for m> 2. In this assumption, theseries becomegeometric progressions and are easily summated:

rb = Rb + 1
2
TeTiRi exp(−2τ )/(1− Ri exp(−τ )), (9a)

rf = Rf + TeTi exp(−τ )+ 1
2
TeTiRi exp(−2τ )/

(1− Ri exp(−τ )). (9b)

Thus, the values rb and rf represent the one-dimensional (an-gularly averaged) light scattering indicatrix of a particle. It isinteresting to calculate the parameter of indicatrix asymmetry:η= rf/rb. In Fig. 2 the value η is given as a function of absorp-tion. As one can see, the ratio rf/rb versus τ has a maximum atτ near 0.2.

Albedo of a particulate surface. The next problem is to usethe indicatrix of a particle to calculate the albedo (reflectance)A of a surface. Denote q the volume fraction filled by particles.For a randomly packedmedium, there is amathematical theoremthat the area fraction filled by particles in an intersecting plane(or a line) is equal to q. Thus, the one-dimensional indicatrix fora layer is

ρb = q · rb
ρf = q · rf + 1− q.

(10)

The albedo of a half-infinite pile of the layers can be calculatedas series on order of scattering between the layers

A = ρb + ρ2f A+ ρ2f ρbA2 + · · · = ρb + ρ2f A/(1− ρbA). (11)

FIG. 2. The asymmetry η= rf/rb of the one-dimensional indicatrix of aparticle as a function of its optical density at different values of refractive index.Curves 1, 2, and 3 correspond to the following n: 1.33, 1.55, and 2.0.

Then

A = 1+ ρ2b − ρ2f
2ρb

−

√(
1+ ρ2b − ρ2f

2ρb

)2
− 1. (12)

Inversion of the model. An important characteristic of themodel is its invertibility, i.e., the imaginary part κ of the surfacematerial can be found, if the albedo is known and estimationsfor the parameters n, S, and q are available. The relations (12)can be considered as equations for κ and exactly solved,

κ = − λ

4π S
ln

⎡

⎣b
a

+

√(
b
a

)2
− c
a

⎤

⎦ , (13)

where

a = TeTi(yRi + qTe),

b = yRbRi +
q
2
T 2e (1+ Ti)− Te(1− qRb),

c = 2yRb − 2Te(1− qRb)+ qT 2e ,

y = (1− A)2/2A.

Note once again two advantages of our model: (1) as distinctfrom others, our model includes explicit dependence on porosityand enables us to calculate its effect; (2) themodel is analyticallyinvertible, i.e., explicit formulae are derived that allow calcula-tions of the imaginary part of refractive index from albedo value,if a priori data on the real part of refractive index and surfaceporosity are known.
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Approximation of Radiative Transfer for
Surface Spectral Features

Frédéric Schmidt

Abstract— Remote sensing hyperspectral and, more generally,
spectral instruments are common tools to decipher surface
features in Earth and Planetary science. While linear mixture
is the most common approximation for compounds detection
(mineral, water, ice, and so on), the transfer of light in surface and
atmospheric medium are highly nonlinear. The exact simulation
of nonlinearities can be estimated at very high numerical cost.
Here, I propose a very simple nonlinear form (that includes the
regular linear area mixture) of radiative transfer to approximate
surface spectral feature. I demonstrate that this analytical form
is able to approximate the grain size and intimate mixture
dependence of surface features. In addition, the same analytical
form can approximate the effect of Martian mineral aerosols.
Unfortunately, Earth aerosols are more complex (water droplet,
water ice, soot, and so on) and are not expected to follow the
same trend.

Index Terms— Aerosols scattering, grain size, hyperspectral,
intimate mixture, nonlinear, radiative transfer, unmixing.

I. INTRODUCTION

REMOTE sensing hyperspectral images and spectral data
are highly valuable to decipher surface’s characteristics,

such as composition but also grain size and roughness. The
standard approximation for data analysis is the linear mixing.
This approximation has been used to propose algorithms
to estimate abundances, knowing the end-members (usually
laboratory of pure chemical compounds), incorporating several
levels of complexity, such as positivity constraint [1], spar-
sity [2], and end-member variability [3]. Also, this approx-
imation can be used in a nonsupervised manner, leading
to other class of algorithm, such as principal/independent
component analysis [4] and blind source separation [5]. This
type of approach has been reviewed in [6]. Adding nonlinear
complexity is often out of the scope of such algorithms due
to overwhelm complexity. More recently, some nonlinearities
have been included in the data analysis in bilinear form [7],
using kernels [2]. This type of model has been reviewed
in [8] and [9]. Unfortunately, the full nonlinearities are only
tractable using Bayesian Monte Carlo inversion approach, such
as in [10], [11], and [12]. The latter class of method is very
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powerful but is impossible to apply on large spectral data,
especially when the end-members are not known beforehand.
The standard data analysis has, thus, two steps: 1) performing
a relatively fast algorithm to identify the compounds and 2) a
robust algorithm to quantify the surface properties.

In the spirit of [3] who proposed a simplification of Hapke’s
theory [13], here, I propose a new approximation of radiative
transfer in soil and Martian atmosphere in order to mimic
nonlinear effect of light propagation in complex media. This
formulation shall be used to define a new generation of algo-
rithms. Please note that the Hapke’s work [13] and Shkuratov
model [14] are only valid in geometrical optic approximation,
i.e., for grain size larger than wavelength.

A. Method
The standard mixing model used for spectra data analysis

is the linear mixture of spectra

Y =
NX

i=1

Ai.Si (1)

with Y the simulation spectra, Si the collection N spectra,
referred as spectral database, Ai the mixing coefficient, and
N j the number of spectral bands.

In order to easily mimic the effect of the main nonlinear
effect: grain size, intimate mixture, and aerosols, I propose to
add an alteration in the form of

Y =
NX

i=1

Ai .Si
↵ + � (2)

with ↵ > 0 an exponent that models the change in band depth
and � a constant that models the brightness-level change. Si

↵

does not represent a matrix exponentiation but a single value
operation on each element of Si. If the grain size/aerosols are
not homogeneous in the scene, ↵ and � may change spatially.

In order to validate the ability of this simple model to
reproduce nonlinear effect, we compare it with nonlinear
simulation, such as in [15]. The effect of grain size is simulated
using the Shkuratov model [14], assuming a refractive index of
1.7, a porosity of 20%, and a grain size �. We first estimate the
imaginary part of the optical constant  and then regenerate a
synthetic spectra with a new grain size � ⇤ fact. The grain size
factor fact varies from 10�3 to 103. In case of granular mixture,
we tested the proportion of 100%, 99.9%, 99%, 90%, 66%,
and 50% and their complementary part (called prop). We used
the same 26 mineral spectra as in [15].
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Fig. 1. Validation of the approximation of nonlinear radiative transfer model
for grain size effect on pure gypsum. Parameter fact indicates the grain size
factor change, for instance, 1000 means that the grain size has been multiplied
by 1000 respect to the reference spectrum.

The effect of aerosols is simulated using a parameterization
of optical thickness and single scattering albedo [16] using
DISORT to solve the radiative transfer equation [17], [18].
We tested eight aerosols optical thickness (AOT) at 1 µm from
0.01 to 20 in log space.

A simple Nelder–Mead simplex minimization [19], [20] has
been implemented to estimate A (only in the case of mixture),
↵, and � that minimizes the rms between the nonlinear
radiative transfer YRT and the approximation Y spectra

rms =
s

1
N j

X
(YRT � Y)2. (3)

B. Results
Except for few spectra with significant saturation, for all

experiment using 26 different minerals with all fact, granu-
lar mixture, and aerosols scattering demonstrates, we found
rms . 10�2, justifying the approximation.

1) Grain Size and Granular Mixture: Fig. 1 shows the
cases for nonlinear granular radiative transfer simulation and
approximation using (2) for the gypsum spectra as an example.
A value of ↵ < 1 is coherent with absorption bands that are
weaker and occurs for smaller grain size. Whereas, a value
of ↵ > 1 is coherent with absorption bands that are stronger,
toward saturation, and occurs for larger grain size. The level
correction � = 0 for smaller grain size, but � is positive and
increases with larger grain size.

Fig. 2 shows an example of granular mixture of gypsum and
smectite. Again, the spectral trend is well fit in this approxi-
mation (see, for instance, the 1.9-µm absorption band shape
change). The abundances retrieved could significantly differ
from the actual one, but the trend is coherent. Coefficients ↵

are also coherent with precedent finding. The level correction
� depends on relative brightness of both pure spectrum.

Fig. 3 summarizes the results of all experiments. The
trends from Fig. 1 seem valid for all the 26 minerals when
considering grain size change only (in blue). Unfortunately, the
nonlinearities are more complex in a case of granular mixture,

Fig. 2. Validation of the approximation of nonlinear radiative transfer model
for granular mixture of smectite (end-member 1) and gypsum (end-member 2).
prop is the imposed proportion, and ab is the retrieved abundance using the
approximation. An offset of 0.1 is added for visibility.

Fig. 3. Evaluation of ↵ and � as a function of grain size factor fact compiling
all results for the following. (Blue) grain size change of pure material and (red)
alteration of granular mixture with grain size change. The linear trend on blue
points is log 10(↵) = 0.5105 ⇥ log 10(fact)+ 0.0249. The Pearson correlation
coefficient is 0.99957 for 179 points. In order to increase the visibility of each
individual point, a random offset is added along the x-axis just for plotting.

and there is no general trend neither for ↵ nor �. Nevertheless,
the rms is lower than 10�2 for 98% of the cases (maximum
4.1 ⇥ 10�2), demonstrating that the approximation is valid in a
very large range of minerals, grain size, and granular mixture.
In Supplementary Material (S1), a validation on laboratory
measurements is presented.

2) Martian Aerosols: Fig. 4 shows the cases for nonlinear
aerosol scattering radiative transfer simulation and approxima-
tion using (2) for soil made of pure gypsum as an example.
A value of ↵ < 1 is coherent with absorption bands that
are weaker and occurs for aerosols alteration. The level
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Fig. 1. Validation of the approximation of nonlinear radiative transfer model
for grain size effect on pure gypsum. Parameter fact indicates the grain size
factor change, for instance, 1000 means that the grain size has been multiplied
by 1000 respect to the reference spectrum.

The effect of aerosols is simulated using a parameterization
of optical thickness and single scattering albedo [16] using
DISORT to solve the radiative transfer equation [17], [18].
We tested eight aerosols optical thickness (AOT) at 1 µm from
0.01 to 20 in log space.

A simple Nelder–Mead simplex minimization [19], [20] has
been implemented to estimate A (only in the case of mixture),
↵, and � that minimizes the rms between the nonlinear
radiative transfer YRT and the approximation Y spectra

rms =
s

1
N j

X
(YRT � Y)2. (3)

B. Results
Except for few spectra with significant saturation, for all

experiment using 26 different minerals with all fact, granu-
lar mixture, and aerosols scattering demonstrates, we found
rms . 10�2, justifying the approximation.

1) Grain Size and Granular Mixture: Fig. 1 shows the
cases for nonlinear granular radiative transfer simulation and
approximation using (2) for the gypsum spectra as an example.
A value of ↵ < 1 is coherent with absorption bands that are
weaker and occurs for smaller grain size. Whereas, a value
of ↵ > 1 is coherent with absorption bands that are stronger,
toward saturation, and occurs for larger grain size. The level
correction � = 0 for smaller grain size, but � is positive and
increases with larger grain size.

Fig. 2 shows an example of granular mixture of gypsum and
smectite. Again, the spectral trend is well fit in this approxi-
mation (see, for instance, the 1.9-µm absorption band shape
change). The abundances retrieved could significantly differ
from the actual one, but the trend is coherent. Coefficients ↵

are also coherent with precedent finding. The level correction
� depends on relative brightness of both pure spectrum.

Fig. 3 summarizes the results of all experiments. The
trends from Fig. 1 seem valid for all the 26 minerals when
considering grain size change only (in blue). Unfortunately, the
nonlinearities are more complex in a case of granular mixture,

Fig. 2. Validation of the approximation of nonlinear radiative transfer model
for granular mixture of smectite (end-member 1) and gypsum (end-member 2).
prop is the imposed proportion, and ab is the retrieved abundance using the
approximation. An offset of 0.1 is added for visibility.

Fig. 3. Evaluation of ↵ and � as a function of grain size factor fact compiling
all results for the following. (Blue) grain size change of pure material and (red)
alteration of granular mixture with grain size change. The linear trend on blue
points is log 10(↵) = 0.5105 ⇥ log 10(fact)+ 0.0249. The Pearson correlation
coefficient is 0.99957 for 179 points. In order to increase the visibility of each
individual point, a random offset is added along the x-axis just for plotting.

and there is no general trend neither for ↵ nor �. Nevertheless,
the rms is lower than 10�2 for 98% of the cases (maximum
4.1 ⇥ 10�2), demonstrating that the approximation is valid in a
very large range of minerals, grain size, and granular mixture.
In Supplementary Material (S1), a validation on laboratory
measurements is presented.

2) Martian Aerosols: Fig. 4 shows the cases for nonlinear
aerosol scattering radiative transfer simulation and approxima-
tion using (2) for soil made of pure gypsum as an example.
A value of ↵ < 1 is coherent with absorption bands that
are weaker and occurs for aerosols alteration. The level
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(Io and I are intensities of light in the points of entrance and exit,
respectively). Summation over all ray trajectories, i.e., over all
entrance points and all branching points for each entrance point
provides the intensity of light reflected by the medium.

Method of summation. For an analytic summation, different
methods are applied. To demonstrate one of them, we use a
simple example. Consider a ray incident on the particle interface
at an angle θin. Refracting into the particle the ray is reflected
m times from the internal side of the particle interface at angles
θν (ν= 1−m) and then emerges from the particle at an angle
θem. The intensity of the ray is

I = Io · T (θem) · T (θin) · exp
(

−4πκ
λ

m∑

ν=0
sν

)
·

m∏

ν=0
R(θν), (1)

where T (θin) and T (θem) are the transmission coefficients for
light coming and outgoing, R(θν) is the reflectance coefficient
for νth reflection by the internal side of particle interface (at
ν= 0, R= 1), and sν is the distance between internal reflections.
Now a subset of rays scattered by the particle such that the rays
in the subset are distinguished by the entrance angles θin can be
considered. Summing (averaging) all the rays yields

Ī = Io · T̄ in · T (θem) ·
m∏

ν=0
R(θν) · exp

(
−4πκ

λ

m∑

ν=0
sν

)
. (2)

We can repeat this procedure for the angle θem, each angle θν ,
and distance sν . Then

⟨I ⟩ = Io · T̄ in · T̄ em ·
m∏

ν=0
R̄(θν) · exp

(
−4πκ

λ

m∑

ν=0
sν

)
. (3)

The average path length S in the particle between two internal
reflections is defined as

exp
(

−4πκ
λ

m∑

ν=0
sν

)
= exp

(
−4πκ

λ
mS

)
. (4)

Belowwe ignore the symbols of averaging and use the following
designation: Te and Ti are the average transmittances for light
penetrating into particle from outside and in the opposite direc-
tion, respectively, and Ri is the average coefficient of internal
reflection inside particle.

Albedo of a particle. Denote rb and rf the fractions of light
flux scattered by a particle into the backward and forward hemi-
sphere, respectively. They can be presented as series on mul-
tiplicity scattering, where the first term is the fraction of the
incident flux reflected by the surface of a particle, the second
one describes the flux transmitted through a particle, the third

one takes an internal reflection into account, and so on; i.e.,

rb = Rb + W2TeTi exp(−τ )+ W3TeTiRi exp(−2τ )+ · · ·

= Rb + TeTi
∞∑

m=1
Wm+1Rm−1

i exp(−mτ ), (5a)

rf = Rf + (1− W2)TeTi exp(−τ )

+ (1− W3)TeTiRi exp(−2τ )+ · · ·

= Rf + TeTi
∞∑

m=1
(1− Wm+1)Rm−1

i exp(−mτ ), (5b)

where τ is defined in the beginning of this section, Wm are the
probabilities for the beam to emerge backward atmth scattering,
Rb and Rf are the average (backward and forward) reflectance
coefficients. They are

Rb =
∫ 2π
0 dψ

∫ π/4
0 dθ · Ro(n, θ ) · cos θ · sin θ

∫ 2π
0 dψ

∫ π/2
0 dθ · cos θ · sin θ

= 2
∫ π/4

0
dθ · Ro(n, θ ) · cos θ · sin θ, (6a)

Rf =
∫ 2π
0 dψ

∫ π/2
π/4 dθ · Ro(n, θ ) · cos θ · sin θ

∫ 2π
0 dψ

∫ π/2
0 dθ · cos θ · sin θ

= 2
∫ π/2

π/4
dθ · Ro(n, θ ) · cos θ · sin θ, (6b)

where Ro is the Fresnel coefficient. The value Ri can be found
as

Ri −
∫ 2π
0 dψ

∫ π/2
0 dθ · Ro

( 1
n , θ

)
· cos θ · sin θ

∫ 2π
0 dψ

∫ π/2
0 dθ · cos θ · sin θ

= n2 − 1
n2

+ 2
∫ θo

0
dθ · Ro

(
1
n
, θ

)
· cos θ · sin θ, (6c)

where θo = arc sin(1/n) is the angle of the full internal reflection.
The average transmittances Te and Ti are calculated in the same
way by averaging transmission coefficients.
For a homogeneous particle (without a thin light-absorbing

layer on the surface) there are simple relations between the val-
ues of R- and T -type. Denote Re = Rb + Rf. Then

Te = 1− Re, Ti = 1− Ri. (7a)

Integration of (6c) gives

Ti = Te/n2, Ri = 1− (1− Re)/n2. (7b)
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(Io and I are intensities of light in the points of entrance and exit,

respectively). Summation over all ray trajectories, i.e., over all

entrance points and all branching points for each entrance point

provides the intensity of light reflected by the medium.

Method of summation. For an analytic summation, different

methods are applied. To demonstrate one of them, we use a

simple example. Consider a ray incident on the particle interface

at an angle θin . Refracting into the particle the ray is reflected

m times from the internal side of the particle interface at angles

θ
ν (ν= 1−m) and then emerges from the particle at an angle

θem . The intensity of the ray is

I = Io · T (θem ) · T (θin ) · exp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
· m∏

ν=0
R(θ

ν ), (1)

where T (θin ) and T (θem ) are the transmission coefficients for

light coming and outgoing, R(θ
ν ) is the reflectance coefficient

for νth reflection by the internal side of particle interface (at

ν= 0, R= 1), and sν is the distance between internal reflections.

Now a subset of rays scattered by the particle such that the rays

in the subset are distinguished by the entrance angles θin can be

considered. Summing (averaging) all the rays yields

Ī = Io · T̄
in · T (θem ) · m∏

ν=0
R(θ

ν ) · exp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
.
(2)

We can repeat this procedure for the angle θem , each angle θ
ν ,

and distance s
ν . Then⟨I ⟩ = Io · T̄

in · T̄
em · m∏

ν=0
R̄(θ

ν ) · exp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
.
(3)

The average path length S in the particle between two internal

reflections is defined asexp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
= exp

(
− 4πκ
λ mS

)
.

(4)

Belowwe ignore the symbols of averaging and use the following

designation: Te and Ti are the average transmittances for light

penetrating into particle from outside and in the opposite direc-

tion, respectively, and Ri is the average coefficient of internal

reflection inside particle.

Albedo of a particle. Denote rb and rf the fractions of light

flux scattered by a particle into the backward and forward hemi-

sphere, respectively. They can be presented as series on mul-

tiplicity scattering, where the first term is the fraction of the

incident flux reflected by the surface of a particle, the second

one describes the flux transmitted through a particle, the third

one takes an internal reflection into account, and so on; i.e.,

rb = Rb +W
2 Te Ti exp(−τ )+W

3 Te Ti Ri exp(−2τ )+ · · ·

= Rb + Te Ti
∞∑

m=1
W
m+1 R m−1i exp(−mτ ),

(5a)

rf = Rf + (1−W
2 )Te Ti exp(−τ )

+ (1−W
3 )Te Ti Ri exp(−2τ )+ · · ·

= Rf + Te Ti
∞∑

m=1
(1−W

m+1 )R m−1i exp(−mτ ),
(5b)

where τ is defined in the beginning of this section, W
m are the

probabilities for the beam to emerge backward atmth scattering,

Rb and Rf are the average (backward and forward) reflectance

coefficients. They areRb = ∫
2π0 dψ ∫

π/40 dθ · Ro (n, θ ) · cos θ · sin θ

∫
2π0 dψ ∫

π/20 dθ · cos θ · sin θ

= 2
∫
π/4

0 dθ · Ro (n, θ ) · cos θ · sin θ,

(6a)

Rf =
∫
2π0 dψ ∫

π/2π/4 dθ · Ro (n, θ ) · cos θ · sin θ

∫
2π0 dψ ∫

π/20 dθ · cos θ · sin θ

= 2
∫
π/2

π/4 dθ · Ro (n, θ ) · cos θ · sin θ,

(6b)

where Ro is the Fresnel coefficient. The value Ri can be found

as

Ri −
∫
2π0 dψ ∫

π/20 dθ · Ro (
1
n , θ )

· cos θ · sin θ

∫
2π0 dψ ∫

π/20 dθ · cos θ · sin θ

= n 2− 1n 2 + 2
∫
θo

0 dθ · Ro
(
1

n , θ
)
· cos θ · sin θ, (6c)

where θo = arc sin(1/n) is the angle of the full internal reflection.

The average transmittances Te and Ti are calculated in the same

way by averaging transmission coefficients.

For a homogeneous particle (without a thin light-absorbing

layer on the surface) there are simple relations between the val-

ues of R- and T -type. Denote Re = Rb + Rf . Then

Te = 1− Re ,
Ti = 1− Ri .

(7a)

Integration of (6c) givesTi = Te /n 2
,

Ri = 1− (1− Re )/n 2
.

(7b)
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Calculations of Rb, Re, and Ri in the range of n= 1.4–1.7showed the following empirical approximations to be satisfac-tory:

Rb ≈ (0.28 · n − 0.20)Re, (8a)
Re ≈ ro + 0.05, (8b)
Ri ≈ 1.04− 1/n2, (8c)

where ro = (n − 1)2/(n + 1)2 is the Fresnel coefficient at thenormal incidence. Due to the total internal reflection, Ri is al-ways larger than Re. Note that the approximation (8b) has beenpublished by Hapke (1981).
Now we evaluate the probabilities Wm . This is easy to dofor a large order of scattering when a light beam “forgets” itsinitial direction and all directions become equally probable—forthis case Wm = 1/2. Such an estimation is not correct for smallm becauseW2 = 0, since the light transmitted through a particlewithout internal reflections cannot be directed toward the source.Unfortunately, in the frames of the approach proposed, a moredetailed estimation of Wm is impossible; so we assume furtherthat W2 = 0 and Wm = 1/2 for m> 2. In this assumption, theseries becomegeometric progressions and are easily summated:

rb = Rb + 1
2
TeTiRi exp(−2τ )/(1− Ri exp(−τ )), (9a)

rf = Rf + TeTi exp(−τ )+ 1
2
TeTiRi exp(−2τ )/

(1− Ri exp(−τ )). (9b)

Thus, the values rb and rf represent the one-dimensional (an-gularly averaged) light scattering indicatrix of a particle. It isinteresting to calculate the parameter of indicatrix asymmetry:η= rf/rb. In Fig. 2 the value η is given as a function of absorp-tion. As one can see, the ratio rf/rb versus τ has a maximum atτ near 0.2.

Albedo of a particulate surface. The next problem is to usethe indicatrix of a particle to calculate the albedo (reflectance)A of a surface. Denote q the volume fraction filled by particles.For a randomly packedmedium, there is amathematical theoremthat the area fraction filled by particles in an intersecting plane(or a line) is equal to q. Thus, the one-dimensional indicatrix fora layer is

ρb = q · rb
ρf = q · rf + 1− q.

(10)

The albedo of a half-infinite pile of the layers can be calculatedas series on order of scattering between the layers

A = ρb + ρ2f A+ ρ2f ρbA2 + · · · = ρb + ρ2f A/(1− ρbA). (11)

FIG. 2. The asymmetry η= rf/rb of the one-dimensional indicatrix of aparticle as a function of its optical density at different values of refractive index.Curves 1, 2, and 3 correspond to the following n: 1.33, 1.55, and 2.0.

Then

A = 1+ ρ2b − ρ2f
2ρb

−

√(
1+ ρ2b − ρ2f

2ρb

)2
− 1. (12)

Inversion of the model. An important characteristic of themodel is its invertibility, i.e., the imaginary part κ of the surfacematerial can be found, if the albedo is known and estimationsfor the parameters n, S, and q are available. The relations (12)can be considered as equations for κ and exactly solved,

κ = − λ

4π S
ln

⎡

⎣b
a

+

√(
b
a

)2
− c
a

⎤

⎦ , (13)

where

a = TeTi(yRi + qTe),

b = yRbRi +
q
2
T 2e (1+ Ti)− Te(1− qRb),

c = 2yRb − 2Te(1− qRb)+ qT 2e ,

y = (1− A)2/2A.

Note once again two advantages of our model: (1) as distinctfrom others, our model includes explicit dependence on porosityand enables us to calculate its effect; (2) themodel is analyticallyinvertible, i.e., explicit formulae are derived that allow calcula-tions of the imaginary part of refractive index from albedo value,if a priori data on the real part of refractive index and surfaceporosity are known.
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Fig. 1. Validation of the approximation of nonlinear radiative transfer model
for grain size effect on pure gypsum. Parameter fact indicates the grain size
factor change, for instance, 1000 means that the grain size has been multiplied
by 1000 respect to the reference spectrum.

The effect of aerosols is simulated using a parameterization
of optical thickness and single scattering albedo [16] using
DISORT to solve the radiative transfer equation [17], [18].
We tested eight aerosols optical thickness (AOT) at 1 µm from
0.01 to 20 in log space.

A simple Nelder–Mead simplex minimization [19], [20] has
been implemented to estimate A (only in the case of mixture),
↵, and � that minimizes the rms between the nonlinear
radiative transfer YRT and the approximation Y spectra

rms =
s

1
N j

X
(YRT � Y)2. (3)

B. Results
Except for few spectra with significant saturation, for all

experiment using 26 different minerals with all fact, granu-
lar mixture, and aerosols scattering demonstrates, we found
rms . 10�2, justifying the approximation.

1) Grain Size and Granular Mixture: Fig. 1 shows the
cases for nonlinear granular radiative transfer simulation and
approximation using (2) for the gypsum spectra as an example.
A value of ↵ < 1 is coherent with absorption bands that are
weaker and occurs for smaller grain size. Whereas, a value
of ↵ > 1 is coherent with absorption bands that are stronger,
toward saturation, and occurs for larger grain size. The level
correction � = 0 for smaller grain size, but � is positive and
increases with larger grain size.

Fig. 2 shows an example of granular mixture of gypsum and
smectite. Again, the spectral trend is well fit in this approxi-
mation (see, for instance, the 1.9-µm absorption band shape
change). The abundances retrieved could significantly differ
from the actual one, but the trend is coherent. Coefficients ↵

are also coherent with precedent finding. The level correction
� depends on relative brightness of both pure spectrum.

Fig. 3 summarizes the results of all experiments. The
trends from Fig. 1 seem valid for all the 26 minerals when
considering grain size change only (in blue). Unfortunately, the
nonlinearities are more complex in a case of granular mixture,

Fig. 2. Validation of the approximation of nonlinear radiative transfer model
for granular mixture of smectite (end-member 1) and gypsum (end-member 2).
prop is the imposed proportion, and ab is the retrieved abundance using the
approximation. An offset of 0.1 is added for visibility.

Fig. 3. Evaluation of ↵ and � as a function of grain size factor fact compiling
all results for the following. (Blue) grain size change of pure material and (red)
alteration of granular mixture with grain size change. The linear trend on blue
points is log 10(↵) = 0.5105 ⇥ log 10(fact)+ 0.0249. The Pearson correlation
coefficient is 0.99957 for 179 points. In order to increase the visibility of each
individual point, a random offset is added along the x-axis just for plotting.

and there is no general trend neither for ↵ nor �. Nevertheless,
the rms is lower than 10�2 for 98% of the cases (maximum
4.1 ⇥ 10�2), demonstrating that the approximation is valid in a
very large range of minerals, grain size, and granular mixture.
In Supplementary Material (S1), a validation on laboratory
measurements is presented.

2) Martian Aerosols: Fig. 4 shows the cases for nonlinear
aerosol scattering radiative transfer simulation and approxima-
tion using (2) for soil made of pure gypsum as an example.
A value of ↵ < 1 is coherent with absorption bands that
are weaker and occurs for aerosols alteration. The level
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Fig. 1. Validation of the approximation of nonlinear radiative transfer model
for grain size effect on pure gypsum. Parameter fact indicates the grain size
factor change, for instance, 1000 means that the grain size has been multiplied
by 1000 respect to the reference spectrum.

The effect of aerosols is simulated using a parameterization
of optical thickness and single scattering albedo [16] using
DISORT to solve the radiative transfer equation [17], [18].
We tested eight aerosols optical thickness (AOT) at 1 µm from
0.01 to 20 in log space.

A simple Nelder–Mead simplex minimization [19], [20] has
been implemented to estimate A (only in the case of mixture),
↵, and � that minimizes the rms between the nonlinear
radiative transfer YRT and the approximation Y spectra

rms =
s

1
N j

X
(YRT � Y)2. (3)

B. Results
Except for few spectra with significant saturation, for all

experiment using 26 different minerals with all fact, granu-
lar mixture, and aerosols scattering demonstrates, we found
rms . 10�2, justifying the approximation.

1) Grain Size and Granular Mixture: Fig. 1 shows the
cases for nonlinear granular radiative transfer simulation and
approximation using (2) for the gypsum spectra as an example.
A value of ↵ < 1 is coherent with absorption bands that are
weaker and occurs for smaller grain size. Whereas, a value
of ↵ > 1 is coherent with absorption bands that are stronger,
toward saturation, and occurs for larger grain size. The level
correction � = 0 for smaller grain size, but � is positive and
increases with larger grain size.

Fig. 2 shows an example of granular mixture of gypsum and
smectite. Again, the spectral trend is well fit in this approxi-
mation (see, for instance, the 1.9-µm absorption band shape
change). The abundances retrieved could significantly differ
from the actual one, but the trend is coherent. Coefficients ↵

are also coherent with precedent finding. The level correction
� depends on relative brightness of both pure spectrum.

Fig. 3 summarizes the results of all experiments. The
trends from Fig. 1 seem valid for all the 26 minerals when
considering grain size change only (in blue). Unfortunately, the
nonlinearities are more complex in a case of granular mixture,

Fig. 2. Validation of the approximation of nonlinear radiative transfer model
for granular mixture of smectite (end-member 1) and gypsum (end-member 2).
prop is the imposed proportion, and ab is the retrieved abundance using the
approximation. An offset of 0.1 is added for visibility.

Fig. 3. Evaluation of ↵ and � as a function of grain size factor fact compiling
all results for the following. (Blue) grain size change of pure material and (red)
alteration of granular mixture with grain size change. The linear trend on blue
points is log 10(↵) = 0.5105 ⇥ log 10(fact)+ 0.0249. The Pearson correlation
coefficient is 0.99957 for 179 points. In order to increase the visibility of each
individual point, a random offset is added along the x-axis just for plotting.

and there is no general trend neither for ↵ nor �. Nevertheless,
the rms is lower than 10�2 for 98% of the cases (maximum
4.1 ⇥ 10�2), demonstrating that the approximation is valid in a
very large range of minerals, grain size, and granular mixture.
In Supplementary Material (S1), a validation on laboratory
measurements is presented.

2) Martian Aerosols: Fig. 4 shows the cases for nonlinear
aerosol scattering radiative transfer simulation and approxima-
tion using (2) for soil made of pure gypsum as an example.
A value of ↵ < 1 is coherent with absorption bands that
are weaker and occurs for aerosols alteration. The level
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Approximation of Radiative Transfer for
Surface Spectral Features

Frédéric Schmidt

Abstract— Remote sensing hyperspectral and, more generally,
spectral instruments are common tools to decipher surface
features in Earth and Planetary science. While linear mixture
is the most common approximation for compounds detection
(mineral, water, ice, and so on), the transfer of light in surface and
atmospheric medium are highly nonlinear. The exact simulation
of nonlinearities can be estimated at very high numerical cost.
Here, I propose a very simple nonlinear form (that includes the
regular linear area mixture) of radiative transfer to approximate
surface spectral feature. I demonstrate that this analytical form
is able to approximate the grain size and intimate mixture
dependence of surface features. In addition, the same analytical
form can approximate the effect of Martian mineral aerosols.
Unfortunately, Earth aerosols are more complex (water droplet,
water ice, soot, and so on) and are not expected to follow the
same trend.

Index Terms— Aerosols scattering, grain size, hyperspectral,
intimate mixture, nonlinear, radiative transfer, unmixing.

I. INTRODUCTION

REMOTE sensing hyperspectral images and spectral data
are highly valuable to decipher surface’s characteristics,

such as composition but also grain size and roughness. The
standard approximation for data analysis is the linear mixing.
This approximation has been used to propose algorithms
to estimate abundances, knowing the end-members (usually
laboratory of pure chemical compounds), incorporating several
levels of complexity, such as positivity constraint [1], spar-
sity [2], and end-member variability [3]. Also, this approx-
imation can be used in a nonsupervised manner, leading
to other class of algorithm, such as principal/independent
component analysis [4] and blind source separation [5]. This
type of approach has been reviewed in [6]. Adding nonlinear
complexity is often out of the scope of such algorithms due
to overwhelm complexity. More recently, some nonlinearities
have been included in the data analysis in bilinear form [7],
using kernels [2]. This type of model has been reviewed
in [8] and [9]. Unfortunately, the full nonlinearities are only
tractable using Bayesian Monte Carlo inversion approach, such
as in [10], [11], and [12]. The latter class of method is very
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powerful but is impossible to apply on large spectral data,
especially when the end-members are not known beforehand.
The standard data analysis has, thus, two steps: 1) performing
a relatively fast algorithm to identify the compounds and 2) a
robust algorithm to quantify the surface properties.

In the spirit of [3] who proposed a simplification of Hapke’s
theory [13], here, I propose a new approximation of radiative
transfer in soil and Martian atmosphere in order to mimic
nonlinear effect of light propagation in complex media. This
formulation shall be used to define a new generation of algo-
rithms. Please note that the Hapke’s work [13] and Shkuratov
model [14] are only valid in geometrical optic approximation,
i.e., for grain size larger than wavelength.

A. Method
The standard mixing model used for spectra data analysis

is the linear mixture of spectra

Y =
NX

i=1

Ai.Si (1)

with Y the simulation spectra, Si the collection N spectra,
referred as spectral database, Ai the mixing coefficient, and
N j the number of spectral bands.

In order to easily mimic the effect of the main nonlinear
effect: grain size, intimate mixture, and aerosols, I propose to
add an alteration in the form of

Y =
NX

i=1

Ai .Si
↵ + � (2)

with ↵ > 0 an exponent that models the change in band depth
and � a constant that models the brightness-level change. Si

↵

does not represent a matrix exponentiation but a single value
operation on each element of Si. If the grain size/aerosols are
not homogeneous in the scene, ↵ and � may change spatially.

In order to validate the ability of this simple model to
reproduce nonlinear effect, we compare it with nonlinear
simulation, such as in [15]. The effect of grain size is simulated
using the Shkuratov model [14], assuming a refractive index of
1.7, a porosity of 20%, and a grain size �. We first estimate the
imaginary part of the optical constant  and then regenerate a
synthetic spectra with a new grain size � ⇤ fact. The grain size
factor fact varies from 10�3 to 103. In case of granular mixture,
we tested the proportion of 100%, 99.9%, 99%, 90%, 66%,
and 50% and their complementary part (called prop). We used
the same 26 mineral spectra as in [15].

1558-0571 © 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.
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Fig. 1. Validation of the approximation of nonlinear radiative transfer model
for grain size effect on pure gypsum. Parameter fact indicates the grain size
factor change, for instance, 1000 means that the grain size has been multiplied
by 1000 respect to the reference spectrum.

The effect of aerosols is simulated using a parameterization
of optical thickness and single scattering albedo [16] using
DISORT to solve the radiative transfer equation [17], [18].
We tested eight aerosols optical thickness (AOT) at 1 µm from
0.01 to 20 in log space.

A simple Nelder–Mead simplex minimization [19], [20] has
been implemented to estimate A (only in the case of mixture),
↵, and � that minimizes the rms between the nonlinear
radiative transfer YRT and the approximation Y spectra

rms =
s

1
N j

X
(YRT � Y)2. (3)

B. Results
Except for few spectra with significant saturation, for all

experiment using 26 different minerals with all fact, granu-
lar mixture, and aerosols scattering demonstrates, we found
rms . 10�2, justifying the approximation.

1) Grain Size and Granular Mixture: Fig. 1 shows the
cases for nonlinear granular radiative transfer simulation and
approximation using (2) for the gypsum spectra as an example.
A value of ↵ < 1 is coherent with absorption bands that are
weaker and occurs for smaller grain size. Whereas, a value
of ↵ > 1 is coherent with absorption bands that are stronger,
toward saturation, and occurs for larger grain size. The level
correction � = 0 for smaller grain size, but � is positive and
increases with larger grain size.

Fig. 2 shows an example of granular mixture of gypsum and
smectite. Again, the spectral trend is well fit in this approxi-
mation (see, for instance, the 1.9-µm absorption band shape
change). The abundances retrieved could significantly differ
from the actual one, but the trend is coherent. Coefficients ↵

are also coherent with precedent finding. The level correction
� depends on relative brightness of both pure spectrum.

Fig. 3 summarizes the results of all experiments. The
trends from Fig. 1 seem valid for all the 26 minerals when
considering grain size change only (in blue). Unfortunately, the
nonlinearities are more complex in a case of granular mixture,

Fig. 2. Validation of the approximation of nonlinear radiative transfer model
for granular mixture of smectite (end-member 1) and gypsum (end-member 2).
prop is the imposed proportion, and ab is the retrieved abundance using the
approximation. An offset of 0.1 is added for visibility.

Fig. 3. Evaluation of ↵ and � as a function of grain size factor fact compiling
all results for the following. (Blue) grain size change of pure material and (red)
alteration of granular mixture with grain size change. The linear trend on blue
points is log 10(↵) = 0.5105 ⇥ log 10(fact)+ 0.0249. The Pearson correlation
coefficient is 0.99957 for 179 points. In order to increase the visibility of each
individual point, a random offset is added along the x-axis just for plotting.

and there is no general trend neither for ↵ nor �. Nevertheless,
the rms is lower than 10�2 for 98% of the cases (maximum
4.1 ⇥ 10�2), demonstrating that the approximation is valid in a
very large range of minerals, grain size, and granular mixture.
In Supplementary Material (S1), a validation on laboratory
measurements is presented.

2) Martian Aerosols: Fig. 4 shows the cases for nonlinear
aerosol scattering radiative transfer simulation and approxima-
tion using (2) for soil made of pure gypsum as an example.
A value of ↵ < 1 is coherent with absorption bands that
are weaker and occurs for aerosols alteration. The level

Authorized licensed use limited to: Frederic Schmidt. Downloaded on April 13,2023 at 07:48:03 UTC from IEEE Xplore.  Restrictions apply. 

Granular mixture
USGS pure 
gypsum X10

USGS pure 
smectite /10

Shkuratov et al., 1999

MODEL OF SPECTRAL ALBEDO 237

(Io and I are intensities of light in the points of entrance and exit,
respectively). Summation over all ray trajectories, i.e., over all
entrance points and all branching points for each entrance point
provides the intensity of light reflected by the medium.

Method of summation. For an analytic summation, different
methods are applied. To demonstrate one of them, we use a
simple example. Consider a ray incident on the particle interface
at an angle θin. Refracting into the particle the ray is reflected
m times from the internal side of the particle interface at angles
θν (ν= 1−m) and then emerges from the particle at an angle
θem. The intensity of the ray is

I = Io · T (θem) · T (θin) · exp
(

−4πκ
λ

m∑

ν=0
sν

)
·

m∏

ν=0
R(θν), (1)

where T (θin) and T (θem) are the transmission coefficients for
light coming and outgoing, R(θν) is the reflectance coefficient
for νth reflection by the internal side of particle interface (at
ν= 0, R= 1), and sν is the distance between internal reflections.
Now a subset of rays scattered by the particle such that the rays
in the subset are distinguished by the entrance angles θin can be
considered. Summing (averaging) all the rays yields

Ī = Io · T̄ in · T (θem) ·
m∏

ν=0
R(θν) · exp

(
−4πκ

λ

m∑

ν=0
sν

)
. (2)

We can repeat this procedure for the angle θem, each angle θν ,
and distance sν . Then

⟨I ⟩ = Io · T̄ in · T̄ em ·
m∏

ν=0
R̄(θν) · exp

(
−4πκ

λ

m∑

ν=0
sν

)
. (3)

The average path length S in the particle between two internal
reflections is defined as

exp
(

−4πκ
λ

m∑

ν=0
sν

)
= exp

(
−4πκ

λ
mS

)
. (4)

Belowwe ignore the symbols of averaging and use the following
designation: Te and Ti are the average transmittances for light
penetrating into particle from outside and in the opposite direc-
tion, respectively, and Ri is the average coefficient of internal
reflection inside particle.

Albedo of a particle. Denote rb and rf the fractions of light
flux scattered by a particle into the backward and forward hemi-
sphere, respectively. They can be presented as series on mul-
tiplicity scattering, where the first term is the fraction of the
incident flux reflected by the surface of a particle, the second
one describes the flux transmitted through a particle, the third

one takes an internal reflection into account, and so on; i.e.,

rb = Rb + W2TeTi exp(−τ )+ W3TeTiRi exp(−2τ )+ · · ·

= Rb + TeTi
∞∑

m=1
Wm+1Rm−1

i exp(−mτ ), (5a)

rf = Rf + (1− W2)TeTi exp(−τ )

+ (1− W3)TeTiRi exp(−2τ )+ · · ·

= Rf + TeTi
∞∑

m=1
(1− Wm+1)Rm−1

i exp(−mτ ), (5b)

where τ is defined in the beginning of this section, Wm are the
probabilities for the beam to emerge backward atmth scattering,
Rb and Rf are the average (backward and forward) reflectance
coefficients. They are

Rb =
∫ 2π
0 dψ

∫ π/4
0 dθ · Ro(n, θ ) · cos θ · sin θ

∫ 2π
0 dψ

∫ π/2
0 dθ · cos θ · sin θ

= 2
∫ π/4

0
dθ · Ro(n, θ ) · cos θ · sin θ, (6a)

Rf =
∫ 2π
0 dψ

∫ π/2
π/4 dθ · Ro(n, θ ) · cos θ · sin θ

∫ 2π
0 dψ

∫ π/2
0 dθ · cos θ · sin θ

= 2
∫ π/2

π/4
dθ · Ro(n, θ ) · cos θ · sin θ, (6b)

where Ro is the Fresnel coefficient. The value Ri can be found
as

Ri −
∫ 2π
0 dψ

∫ π/2
0 dθ · Ro

( 1
n , θ

)
· cos θ · sin θ

∫ 2π
0 dψ

∫ π/2
0 dθ · cos θ · sin θ

= n2 − 1
n2

+ 2
∫ θo

0
dθ · Ro

(
1
n
, θ

)
· cos θ · sin θ, (6c)

where θo = arc sin(1/n) is the angle of the full internal reflection.
The average transmittances Te and Ti are calculated in the same
way by averaging transmission coefficients.
For a homogeneous particle (without a thin light-absorbing

layer on the surface) there are simple relations between the val-
ues of R- and T -type. Denote Re = Rb + Rf. Then

Te = 1− Re, Ti = 1− Ri. (7a)

Integration of (6c) gives

Ti = Te/n2, Ri = 1− (1− Re)/n2. (7b)
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(Io and I are intensities of light in the points of entrance and exit,

respectively). Summation over all ray trajectories, i.e., over all

entrance points and all branching points for each entrance point

provides the intensity of light reflected by the medium.

Method of summation. For an analytic summation, different

methods are applied. To demonstrate one of them, we use a

simple example. Consider a ray incident on the particle interface

at an angle θin . Refracting into the particle the ray is reflected

m times from the internal side of the particle interface at angles

θ
ν (ν= 1−m) and then emerges from the particle at an angle

θem . The intensity of the ray is

I = Io · T (θem ) · T (θin ) · exp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
· m∏

ν=0
R(θ

ν ), (1)

where T (θin ) and T (θem ) are the transmission coefficients for

light coming and outgoing, R(θ
ν ) is the reflectance coefficient

for νth reflection by the internal side of particle interface (at

ν= 0, R= 1), and sν is the distance between internal reflections.

Now a subset of rays scattered by the particle such that the rays

in the subset are distinguished by the entrance angles θin can be

considered. Summing (averaging) all the rays yields

Ī = Io · T̄
in · T (θem ) · m∏

ν=0
R(θ

ν ) · exp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
.
(2)

We can repeat this procedure for the angle θem , each angle θ
ν ,

and distance s
ν . Then⟨I ⟩ = Io · T̄

in · T̄
em · m∏

ν=0
R̄(θ

ν ) · exp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
.
(3)

The average path length S in the particle between two internal

reflections is defined asexp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
= exp

(
− 4πκ
λ mS

)
.

(4)

Belowwe ignore the symbols of averaging and use the following

designation: Te and Ti are the average transmittances for light

penetrating into particle from outside and in the opposite direc-

tion, respectively, and Ri is the average coefficient of internal

reflection inside particle.

Albedo of a particle. Denote rb and rf the fractions of light

flux scattered by a particle into the backward and forward hemi-

sphere, respectively. They can be presented as series on mul-

tiplicity scattering, where the first term is the fraction of the

incident flux reflected by the surface of a particle, the second

one describes the flux transmitted through a particle, the third

one takes an internal reflection into account, and so on; i.e.,

rb = Rb +W
2 Te Ti exp(−τ )+W

3 Te Ti Ri exp(−2τ )+ · · ·

= Rb + Te Ti
∞∑

m=1
W
m+1 R m−1i exp(−mτ ),

(5a)

rf = Rf + (1−W
2 )Te Ti exp(−τ )

+ (1−W
3 )Te Ti Ri exp(−2τ )+ · · ·

= Rf + Te Ti
∞∑

m=1
(1−W

m+1 )R m−1i exp(−mτ ),
(5b)

where τ is defined in the beginning of this section, W
m are the

probabilities for the beam to emerge backward atmth scattering,

Rb and Rf are the average (backward and forward) reflectance

coefficients. They areRb = ∫
2π0 dψ ∫

π/40 dθ · Ro (n, θ ) · cos θ · sin θ

∫
2π0 dψ ∫

π/20 dθ · cos θ · sin θ

= 2
∫
π/4

0 dθ · Ro (n, θ ) · cos θ · sin θ,

(6a)

Rf =
∫
2π0 dψ ∫

π/2π/4 dθ · Ro (n, θ ) · cos θ · sin θ

∫
2π0 dψ ∫

π/20 dθ · cos θ · sin θ

= 2
∫
π/2

π/4 dθ · Ro (n, θ ) · cos θ · sin θ,

(6b)

where Ro is the Fresnel coefficient. The value Ri can be found

as

Ri −
∫
2π0 dψ ∫

π/20 dθ · Ro (
1
n , θ )

· cos θ · sin θ

∫
2π0 dψ ∫

π/20 dθ · cos θ · sin θ

= n 2− 1n 2 + 2
∫
θo

0 dθ · Ro
(
1

n , θ
)
· cos θ · sin θ, (6c)

where θo = arc sin(1/n) is the angle of the full internal reflection.

The average transmittances Te and Ti are calculated in the same

way by averaging transmission coefficients.

For a homogeneous particle (without a thin light-absorbing

layer on the surface) there are simple relations between the val-

ues of R- and T -type. Denote Re = Rb + Rf . Then

Te = 1− Re ,
Ti = 1− Ri .

(7a)

Integration of (6c) givesTi = Te /n 2
,

Ri = 1− (1− Re )/n 2
.

(7b)
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Calcu
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pirical
approx
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tory: Rb ≈ (0.28
· n − 0.20

)Re,

(8a)

Re ≈ ro + 0.05
,

(8b)

Ri ≈ 1.04− 1/n
2 ,

(8c)

where
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− 1)2 /(n
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uate t
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e equa
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e
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for m
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the
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nd are
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summ
ated:
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TeTiRi

exp(−
2τ )/(1

− Ri exp
(−τ )),

(9a)

rf = Rf + TeTi ex
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+
1
2
TeTiRi
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(1− Ri exp
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). (11)

FIG.
2. The as

ymme
try η= rf/rb

of the
one-di

mensi
onal in

dicatri
x of a

particl
e as a

functi
on of i

ts opti
cal den

sity at
differe

nt valu
es of r

efracti
ve ind

ex.

Curve
s 1, 2,

and 3
corres

pond t
o the f

ollowi
ng n: 1

.33, 1.
55, an

d 2.0.

Then

A =
1+ ρ

2
b − ρ

2
f

2ρb
−

√( 1+ ρ
2
b − ρ

2
f

2ρb

)2
− 1.

(12)

Invers
ion of

the m
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Calculations of Rb, Re, and Ri in the range of n= 1.4–1.7showed the following empirical approximations to be satisfac-tory:

Rb ≈ (0.28 · n − 0.20)Re, (8a)
Re ≈ ro + 0.05, (8b)
Ri ≈ 1.04− 1/n2, (8c)

where ro = (n − 1)2/(n + 1)2 is the Fresnel coefficient at thenormal incidence. Due to the total internal reflection, Ri is al-ways larger than Re. Note that the approximation (8b) has beenpublished by Hapke (1981).
Now we evaluate the probabilities Wm . This is easy to dofor a large order of scattering when a light beam “forgets” itsinitial direction and all directions become equally probable—forthis case Wm = 1/2. Such an estimation is not correct for smallm becauseW2 = 0, since the light transmitted through a particlewithout internal reflections cannot be directed toward the source.Unfortunately, in the frames of the approach proposed, a moredetailed estimation of Wm is impossible; so we assume furtherthat W2 = 0 and Wm = 1/2 for m> 2. In this assumption, theseries becomegeometric progressions and are easily summated:

rb = Rb + 1
2
TeTiRi exp(−2τ )/(1− Ri exp(−τ )), (9a)

rf = Rf + TeTi exp(−τ )+ 1
2
TeTiRi exp(−2τ )/

(1− Ri exp(−τ )). (9b)

Thus, the values rb and rf represent the one-dimensional (an-gularly averaged) light scattering indicatrix of a particle. It isinteresting to calculate the parameter of indicatrix asymmetry:η= rf/rb. In Fig. 2 the value η is given as a function of absorp-tion. As one can see, the ratio rf/rb versus τ has a maximum atτ near 0.2.

Albedo of a particulate surface. The next problem is to usethe indicatrix of a particle to calculate the albedo (reflectance)A of a surface. Denote q the volume fraction filled by particles.For a randomly packedmedium, there is amathematical theoremthat the area fraction filled by particles in an intersecting plane(or a line) is equal to q. Thus, the one-dimensional indicatrix fora layer is

ρb = q · rb
ρf = q · rf + 1− q.

(10)

The albedo of a half-infinite pile of the layers can be calculatedas series on order of scattering between the layers

A = ρb + ρ2f A+ ρ2f ρbA2 + · · · = ρb + ρ2f A/(1− ρbA). (11)

FIG. 2. The asymmetry η= rf/rb of the one-dimensional indicatrix of aparticle as a function of its optical density at different values of refractive index.Curves 1, 2, and 3 correspond to the following n: 1.33, 1.55, and 2.0.

Then

A = 1+ ρ2b − ρ2f
2ρb

−

√(
1+ ρ2b − ρ2f

2ρb

)2
− 1. (12)

Inversion of the model. An important characteristic of themodel is its invertibility, i.e., the imaginary part κ of the surfacematerial can be found, if the albedo is known and estimationsfor the parameters n, S, and q are available. The relations (12)can be considered as equations for κ and exactly solved,

κ = − λ

4π S
ln

⎡

⎣b
a

+

√(
b
a

)2
− c
a

⎤

⎦ , (13)

where

a = TeTi(yRi + qTe),

b = yRbRi +
q
2
T 2e (1+ Ti)− Te(1− qRb),

c = 2yRb − 2Te(1− qRb)+ qT 2e ,

y = (1− A)2/2A.

Note once again two advantages of our model: (1) as distinctfrom others, our model includes explicit dependence on porosityand enables us to calculate its effect; (2) themodel is analyticallyinvertible, i.e., explicit formulae are derived that allow calcula-tions of the imaginary part of refractive index from albedo value,if a priori data on the real part of refractive index and surfaceporosity are known.
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Approximation of Radiative Transfer for
Surface Spectral Features

Frédéric Schmidt

Abstract— Remote sensing hyperspectral and, more generally,
spectral instruments are common tools to decipher surface
features in Earth and Planetary science. While linear mixture
is the most common approximation for compounds detection
(mineral, water, ice, and so on), the transfer of light in surface and
atmospheric medium are highly nonlinear. The exact simulation
of nonlinearities can be estimated at very high numerical cost.
Here, I propose a very simple nonlinear form (that includes the
regular linear area mixture) of radiative transfer to approximate
surface spectral feature. I demonstrate that this analytical form
is able to approximate the grain size and intimate mixture
dependence of surface features. In addition, the same analytical
form can approximate the effect of Martian mineral aerosols.
Unfortunately, Earth aerosols are more complex (water droplet,
water ice, soot, and so on) and are not expected to follow the
same trend.

Index Terms— Aerosols scattering, grain size, hyperspectral,
intimate mixture, nonlinear, radiative transfer, unmixing.

I. INTRODUCTION

REMOTE sensing hyperspectral images and spectral data
are highly valuable to decipher surface’s characteristics,

such as composition but also grain size and roughness. The
standard approximation for data analysis is the linear mixing.
This approximation has been used to propose algorithms
to estimate abundances, knowing the end-members (usually
laboratory of pure chemical compounds), incorporating several
levels of complexity, such as positivity constraint [1], spar-
sity [2], and end-member variability [3]. Also, this approx-
imation can be used in a nonsupervised manner, leading
to other class of algorithm, such as principal/independent
component analysis [4] and blind source separation [5]. This
type of approach has been reviewed in [6]. Adding nonlinear
complexity is often out of the scope of such algorithms due
to overwhelm complexity. More recently, some nonlinearities
have been included in the data analysis in bilinear form [7],
using kernels [2]. This type of model has been reviewed
in [8] and [9]. Unfortunately, the full nonlinearities are only
tractable using Bayesian Monte Carlo inversion approach, such
as in [10], [11], and [12]. The latter class of method is very
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powerful but is impossible to apply on large spectral data,
especially when the end-members are not known beforehand.
The standard data analysis has, thus, two steps: 1) performing
a relatively fast algorithm to identify the compounds and 2) a
robust algorithm to quantify the surface properties.

In the spirit of [3] who proposed a simplification of Hapke’s
theory [13], here, I propose a new approximation of radiative
transfer in soil and Martian atmosphere in order to mimic
nonlinear effect of light propagation in complex media. This
formulation shall be used to define a new generation of algo-
rithms. Please note that the Hapke’s work [13] and Shkuratov
model [14] are only valid in geometrical optic approximation,
i.e., for grain size larger than wavelength.

A. Method
The standard mixing model used for spectra data analysis

is the linear mixture of spectra

Y =
NX

i=1

Ai.Si (1)

with Y the simulation spectra, Si the collection N spectra,
referred as spectral database, Ai the mixing coefficient, and
N j the number of spectral bands.

In order to easily mimic the effect of the main nonlinear
effect: grain size, intimate mixture, and aerosols, I propose to
add an alteration in the form of

Y =
NX

i=1

Ai .Si
↵ + � (2)

with ↵ > 0 an exponent that models the change in band depth
and � a constant that models the brightness-level change. Si

↵

does not represent a matrix exponentiation but a single value
operation on each element of Si. If the grain size/aerosols are
not homogeneous in the scene, ↵ and � may change spatially.

In order to validate the ability of this simple model to
reproduce nonlinear effect, we compare it with nonlinear
simulation, such as in [15]. The effect of grain size is simulated
using the Shkuratov model [14], assuming a refractive index of
1.7, a porosity of 20%, and a grain size �. We first estimate the
imaginary part of the optical constant  and then regenerate a
synthetic spectra with a new grain size � ⇤ fact. The grain size
factor fact varies from 10�3 to 103. In case of granular mixture,
we tested the proportion of 100%, 99.9%, 99%, 90%, 66%,
and 50% and their complementary part (called prop). We used
the same 26 mineral spectra as in [15].
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Fig. 1. Validation of the approximation of nonlinear radiative transfer model
for grain size effect on pure gypsum. Parameter fact indicates the grain size
factor change, for instance, 1000 means that the grain size has been multiplied
by 1000 respect to the reference spectrum.

The effect of aerosols is simulated using a parameterization
of optical thickness and single scattering albedo [16] using
DISORT to solve the radiative transfer equation [17], [18].
We tested eight aerosols optical thickness (AOT) at 1 µm from
0.01 to 20 in log space.

A simple Nelder–Mead simplex minimization [19], [20] has
been implemented to estimate A (only in the case of mixture),
↵, and � that minimizes the rms between the nonlinear
radiative transfer YRT and the approximation Y spectra

rms =
s

1
N j

X
(YRT � Y)2. (3)

B. Results
Except for few spectra with significant saturation, for all

experiment using 26 different minerals with all fact, granu-
lar mixture, and aerosols scattering demonstrates, we found
rms . 10�2, justifying the approximation.

1) Grain Size and Granular Mixture: Fig. 1 shows the
cases for nonlinear granular radiative transfer simulation and
approximation using (2) for the gypsum spectra as an example.
A value of ↵ < 1 is coherent with absorption bands that are
weaker and occurs for smaller grain size. Whereas, a value
of ↵ > 1 is coherent with absorption bands that are stronger,
toward saturation, and occurs for larger grain size. The level
correction � = 0 for smaller grain size, but � is positive and
increases with larger grain size.

Fig. 2 shows an example of granular mixture of gypsum and
smectite. Again, the spectral trend is well fit in this approxi-
mation (see, for instance, the 1.9-µm absorption band shape
change). The abundances retrieved could significantly differ
from the actual one, but the trend is coherent. Coefficients ↵

are also coherent with precedent finding. The level correction
� depends on relative brightness of both pure spectrum.

Fig. 3 summarizes the results of all experiments. The
trends from Fig. 1 seem valid for all the 26 minerals when
considering grain size change only (in blue). Unfortunately, the
nonlinearities are more complex in a case of granular mixture,

Fig. 2. Validation of the approximation of nonlinear radiative transfer model
for granular mixture of smectite (end-member 1) and gypsum (end-member 2).
prop is the imposed proportion, and ab is the retrieved abundance using the
approximation. An offset of 0.1 is added for visibility.

Fig. 3. Evaluation of ↵ and � as a function of grain size factor fact compiling
all results for the following. (Blue) grain size change of pure material and (red)
alteration of granular mixture with grain size change. The linear trend on blue
points is log 10(↵) = 0.5105 ⇥ log 10(fact)+ 0.0249. The Pearson correlation
coefficient is 0.99957 for 179 points. In order to increase the visibility of each
individual point, a random offset is added along the x-axis just for plotting.

and there is no general trend neither for ↵ nor �. Nevertheless,
the rms is lower than 10�2 for 98% of the cases (maximum
4.1 ⇥ 10�2), demonstrating that the approximation is valid in a
very large range of minerals, grain size, and granular mixture.
In Supplementary Material (S1), a validation on laboratory
measurements is presented.

2) Martian Aerosols: Fig. 4 shows the cases for nonlinear
aerosol scattering radiative transfer simulation and approxima-
tion using (2) for soil made of pure gypsum as an example.
A value of ↵ < 1 is coherent with absorption bands that
are weaker and occurs for aerosols alteration. The level
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Approximation of Radiative Transfer for
Surface Spectral Features

Frédéric Schmidt

Abstract— Remote sensing hyperspectral and, more generally,
spectral instruments are common tools to decipher surface
features in Earth and Planetary science. While linear mixture
is the most common approximation for compounds detection
(mineral, water, ice, and so on), the transfer of light in surface and
atmospheric medium are highly nonlinear. The exact simulation
of nonlinearities can be estimated at very high numerical cost.
Here, I propose a very simple nonlinear form (that includes the
regular linear area mixture) of radiative transfer to approximate
surface spectral feature. I demonstrate that this analytical form
is able to approximate the grain size and intimate mixture
dependence of surface features. In addition, the same analytical
form can approximate the effect of Martian mineral aerosols.
Unfortunately, Earth aerosols are more complex (water droplet,
water ice, soot, and so on) and are not expected to follow the
same trend.

Index Terms— Aerosols scattering, grain size, hyperspectral,
intimate mixture, nonlinear, radiative transfer, unmixing.

I. INTRODUCTION

REMOTE sensing hyperspectral images and spectral data
are highly valuable to decipher surface’s characteristics,

such as composition but also grain size and roughness. The
standard approximation for data analysis is the linear mixing.
This approximation has been used to propose algorithms
to estimate abundances, knowing the end-members (usually
laboratory of pure chemical compounds), incorporating several
levels of complexity, such as positivity constraint [1], spar-
sity [2], and end-member variability [3]. Also, this approx-
imation can be used in a nonsupervised manner, leading
to other class of algorithm, such as principal/independent
component analysis [4] and blind source separation [5]. This
type of approach has been reviewed in [6]. Adding nonlinear
complexity is often out of the scope of such algorithms due
to overwhelm complexity. More recently, some nonlinearities
have been included in the data analysis in bilinear form [7],
using kernels [2]. This type of model has been reviewed
in [8] and [9]. Unfortunately, the full nonlinearities are only
tractable using Bayesian Monte Carlo inversion approach, such
as in [10], [11], and [12]. The latter class of method is very
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powerful but is impossible to apply on large spectral data,
especially when the end-members are not known beforehand.
The standard data analysis has, thus, two steps: 1) performing
a relatively fast algorithm to identify the compounds and 2) a
robust algorithm to quantify the surface properties.

In the spirit of [3] who proposed a simplification of Hapke’s
theory [13], here, I propose a new approximation of radiative
transfer in soil and Martian atmosphere in order to mimic
nonlinear effect of light propagation in complex media. This
formulation shall be used to define a new generation of algo-
rithms. Please note that the Hapke’s work [13] and Shkuratov
model [14] are only valid in geometrical optic approximation,
i.e., for grain size larger than wavelength.

A. Method
The standard mixing model used for spectra data analysis

is the linear mixture of spectra

Y =
NX

i=1

Ai.Si (1)

with Y the simulation spectra, Si the collection N spectra,
referred as spectral database, Ai the mixing coefficient, and
N j the number of spectral bands.

In order to easily mimic the effect of the main nonlinear
effect: grain size, intimate mixture, and aerosols, I propose to
add an alteration in the form of

Y =
NX

i=1

Ai .Si
↵ + � (2)

with ↵ > 0 an exponent that models the change in band depth
and � a constant that models the brightness-level change. Si

↵

does not represent a matrix exponentiation but a single value
operation on each element of Si. If the grain size/aerosols are
not homogeneous in the scene, ↵ and � may change spatially.

In order to validate the ability of this simple model to
reproduce nonlinear effect, we compare it with nonlinear
simulation, such as in [15]. The effect of grain size is simulated
using the Shkuratov model [14], assuming a refractive index of
1.7, a porosity of 20%, and a grain size �. We first estimate the
imaginary part of the optical constant  and then regenerate a
synthetic spectra with a new grain size � ⇤ fact. The grain size
factor fact varies from 10�3 to 103. In case of granular mixture,
we tested the proportion of 100%, 99.9%, 99%, 90%, 66%,
and 50% and their complementary part (called prop). We used
the same 26 mineral spectra as in [15].

1558-0571 © 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.
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(Io and I are intensities of light in the points of entrance and exit,
respectively). Summation over all ray trajectories, i.e., over all
entrance points and all branching points for each entrance point
provides the intensity of light reflected by the medium.

Method of summation. For an analytic summation, different
methods are applied. To demonstrate one of them, we use a
simple example. Consider a ray incident on the particle interface
at an angle θin. Refracting into the particle the ray is reflected
m times from the internal side of the particle interface at angles
θν (ν= 1−m) and then emerges from the particle at an angle
θem. The intensity of the ray is

I = Io · T (θem) · T (θin) · exp
(

−4πκ
λ

m∑

ν=0
sν

)
·

m∏

ν=0
R(θν), (1)

where T (θin) and T (θem) are the transmission coefficients for
light coming and outgoing, R(θν) is the reflectance coefficient
for νth reflection by the internal side of particle interface (at
ν= 0, R= 1), and sν is the distance between internal reflections.
Now a subset of rays scattered by the particle such that the rays
in the subset are distinguished by the entrance angles θin can be
considered. Summing (averaging) all the rays yields

Ī = Io · T̄ in · T (θem) ·
m∏

ν=0
R(θν) · exp

(
−4πκ

λ

m∑

ν=0
sν

)
. (2)

We can repeat this procedure for the angle θem, each angle θν ,
and distance sν . Then

⟨I ⟩ = Io · T̄ in · T̄ em ·
m∏

ν=0
R̄(θν) · exp

(
−4πκ

λ

m∑

ν=0
sν

)
. (3)

The average path length S in the particle between two internal
reflections is defined as

exp
(

−4πκ
λ

m∑

ν=0
sν

)
= exp

(
−4πκ

λ
mS

)
. (4)

Belowwe ignore the symbols of averaging and use the following
designation: Te and Ti are the average transmittances for light
penetrating into particle from outside and in the opposite direc-
tion, respectively, and Ri is the average coefficient of internal
reflection inside particle.

Albedo of a particle. Denote rb and rf the fractions of light
flux scattered by a particle into the backward and forward hemi-
sphere, respectively. They can be presented as series on mul-
tiplicity scattering, where the first term is the fraction of the
incident flux reflected by the surface of a particle, the second
one describes the flux transmitted through a particle, the third

one takes an internal reflection into account, and so on; i.e.,

rb = Rb + W2TeTi exp(−τ )+ W3TeTiRi exp(−2τ )+ · · ·

= Rb + TeTi
∞∑

m=1
Wm+1Rm−1

i exp(−mτ ), (5a)

rf = Rf + (1− W2)TeTi exp(−τ )

+ (1− W3)TeTiRi exp(−2τ )+ · · ·

= Rf + TeTi
∞∑

m=1
(1− Wm+1)Rm−1

i exp(−mτ ), (5b)

where τ is defined in the beginning of this section, Wm are the
probabilities for the beam to emerge backward atmth scattering,
Rb and Rf are the average (backward and forward) reflectance
coefficients. They are

Rb =
∫ 2π
0 dψ

∫ π/4
0 dθ · Ro(n, θ ) · cos θ · sin θ

∫ 2π
0 dψ

∫ π/2
0 dθ · cos θ · sin θ

= 2
∫ π/4

0
dθ · Ro(n, θ ) · cos θ · sin θ, (6a)

Rf =
∫ 2π
0 dψ

∫ π/2
π/4 dθ · Ro(n, θ ) · cos θ · sin θ

∫ 2π
0 dψ

∫ π/2
0 dθ · cos θ · sin θ

= 2
∫ π/2

π/4
dθ · Ro(n, θ ) · cos θ · sin θ, (6b)

where Ro is the Fresnel coefficient. The value Ri can be found
as

Ri −
∫ 2π
0 dψ

∫ π/2
0 dθ · Ro

( 1
n , θ

)
· cos θ · sin θ

∫ 2π
0 dψ

∫ π/2
0 dθ · cos θ · sin θ

= n2 − 1
n2

+ 2
∫ θo

0
dθ · Ro

(
1
n
, θ

)
· cos θ · sin θ, (6c)

where θo = arc sin(1/n) is the angle of the full internal reflection.
The average transmittances Te and Ti are calculated in the same
way by averaging transmission coefficients.
For a homogeneous particle (without a thin light-absorbing

layer on the surface) there are simple relations between the val-
ues of R- and T -type. Denote Re = Rb + Rf. Then

Te = 1− Re, Ti = 1− Ri. (7a)

Integration of (6c) gives

Ti = Te/n2, Ri = 1− (1− Re)/n2. (7b)
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(Io and I are intensities of light in the points of entrance and exit,

respectively). Summation over all ray trajectories, i.e., over all

entrance points and all branching points for each entrance point

provides the intensity of light reflected by the medium.

Method of summation. For an analytic summation, different

methods are applied. To demonstrate one of them, we use a

simple example. Consider a ray incident on the particle interface

at an angle θin . Refracting into the particle the ray is reflected

m times from the internal side of the particle interface at angles

θ
ν (ν= 1−m) and then emerges from the particle at an angle

θem . The intensity of the ray is

I = Io · T (θem ) · T (θin ) · exp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
· m∏

ν=0
R(θ

ν ), (1)

where T (θin ) and T (θem ) are the transmission coefficients for

light coming and outgoing, R(θ
ν ) is the reflectance coefficient

for νth reflection by the internal side of particle interface (at

ν= 0, R= 1), and sν is the distance between internal reflections.

Now a subset of rays scattered by the particle such that the rays

in the subset are distinguished by the entrance angles θin can be

considered. Summing (averaging) all the rays yields

Ī = Io · T̄
in · T (θem ) · m∏

ν=0
R(θ

ν ) · exp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
.
(2)

We can repeat this procedure for the angle θem , each angle θ
ν ,

and distance s
ν . Then⟨I ⟩ = Io · T̄

in · T̄
em · m∏

ν=0
R̄(θ

ν ) · exp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
.
(3)

The average path length S in the particle between two internal

reflections is defined asexp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
= exp

(
− 4πκ
λ mS

)
.

(4)

Belowwe ignore the symbols of averaging and use the following

designation: Te and Ti are the average transmittances for light

penetrating into particle from outside and in the opposite direc-

tion, respectively, and Ri is the average coefficient of internal

reflection inside particle.

Albedo of a particle. Denote rb and rf the fractions of light

flux scattered by a particle into the backward and forward hemi-

sphere, respectively. They can be presented as series on mul-

tiplicity scattering, where the first term is the fraction of the

incident flux reflected by the surface of a particle, the second

one describes the flux transmitted through a particle, the third

one takes an internal reflection into account, and so on; i.e.,

rb = Rb +W
2 Te Ti exp(−τ )+W

3 Te Ti Ri exp(−2τ )+ · · ·

= Rb + Te Ti
∞∑

m=1
W
m+1 R m−1i exp(−mτ ),

(5a)

rf = Rf + (1−W
2 )Te Ti exp(−τ )

+ (1−W
3 )Te Ti Ri exp(−2τ )+ · · ·

= Rf + Te Ti
∞∑

m=1
(1−W

m+1 )R m−1i exp(−mτ ),
(5b)

where τ is defined in the beginning of this section, W
m are the

probabilities for the beam to emerge backward atmth scattering,

Rb and Rf are the average (backward and forward) reflectance

coefficients. They areRb = ∫
2π0 dψ ∫

π/40 dθ · Ro (n, θ ) · cos θ · sin θ

∫
2π0 dψ ∫

π/20 dθ · cos θ · sin θ

= 2
∫
π/4

0 dθ · Ro (n, θ ) · cos θ · sin θ,

(6a)

Rf =
∫
2π0 dψ ∫

π/2π/4 dθ · Ro (n, θ ) · cos θ · sin θ

∫
2π0 dψ ∫

π/20 dθ · cos θ · sin θ

= 2
∫
π/2

π/4 dθ · Ro (n, θ ) · cos θ · sin θ,

(6b)

where Ro is the Fresnel coefficient. The value Ri can be found

as

Ri −
∫
2π0 dψ ∫

π/20 dθ · Ro (
1
n , θ )

· cos θ · sin θ

∫
2π0 dψ ∫

π/20 dθ · cos θ · sin θ

= n 2− 1n 2 + 2
∫
θo

0 dθ · Ro
(
1

n , θ
)
· cos θ · sin θ, (6c)

where θo = arc sin(1/n) is the angle of the full internal reflection.

The average transmittances Te and Ti are calculated in the same

way by averaging transmission coefficients.

For a homogeneous particle (without a thin light-absorbing

layer on the surface) there are simple relations between the val-

ues of R- and T -type. Denote Re = Rb + Rf . Then

Te = 1− Re ,
Ti = 1− Ri .

(7a)

Integration of (6c) givesTi = Te /n 2
,

Ri = 1− (1− Re )/n 2
.

(7b)
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Calcu
lations

of Rb,
Re, an

d Ri i
n the

range
of n= 1.4–

1.7

showe
d the f

ollowi
ng em

pirical
approx

imatio
ns to b

e satis
fac-

tory: Rb ≈ (0.28
· n − 0.20

)Re,

(8a)

Re ≈ ro + 0.05
,

(8b)

Ri ≈ 1.04− 1/n
2 ,

(8c)

where
ro= (n

− 1)2 /(n
+ 1)2 is

the Fr
esnel

coeffic
ient at

the

norma
l incid

ence.
Due to

the tot
al inte

rnal re
flectio

n, Ri i
s al-

ways l
arger t

han Re
. Note

that th
e appr

oxima
tion (8

b) has
been

publis
hed by

Hapke
(1981

).

Now w
e eval

uate t
he pro

babilit
ies Wm. T

his is
easy t

o do

for a l
arge o

rder o
f scatt

ering
when

a light
beam

“forge
ts” its

initial
directi

on and
all dire

ctions
becom

e equa
lly pro

bable—
for

this ca
se Wm = 1/2.

Such a
n estim

ation i
s not c

orrect
for sm

all

m bec
auseW

2= 0
, since

the lig
ht tran

smitte
d thro

ugh a
particl

e

withou
t intern

al refle
ctions

canno
t be dir

ected t
oward

the sou
rce.

Unfor
tunate

ly, in t
he fra

mes o
f the a

pproac
h prop

osed,
a mor

e

detaile
d estim

ation o
f Wm is

impos
sible;

so we
assum

e furth
er

that W2= 0
and Wm = 1/2

for m
> 2. I

n this
assum

ption,
the

series
becom

egeom
etric p

rogres
sions a

nd are
easily

summ
ated:

rb = Rb +
1
2
TeTiRi

exp(−
2τ )/(1

− Ri exp
(−τ )),

(9a)

rf = Rf + TeTi ex
p(−τ )

+
1
2
TeTiRi

exp(−
2τ )/

(1− Ri exp
(−τ )).

(9b)

Thus,
the va

lues rb
and rf

repres
ent the

one-di
mensi

onal (a
n-

gularl
y aver

aged)
light s

catteri
ng ind

icatrix
of a p

article
. It is

interes
ting to

calcul
ate the

param
eter of

indica
trix as

ymme
try:

η= rf/rb.
In Fig

. 2 the
value

η is gi
ven as

a func
tion of

absorp
-

tion. A
s one

can se
e, the

ratio rf
/rb ve

rsus τ
has a m

aximu
m at

τ near
0.2.

Albed
o of a

partic
ulate s

urface
. The ne

xt pro
blem i

s to us
e

the ind
icatrix

of a p
article

to calc
ulate t

he alb
edo (r

eflecta
nce)

A of a
surfac

e. Den
ote q t

he vol
ume fr

action
filled b

y parti
cles.

For a r
andom

ly pack
edmed

ium, th
ere is a

mathe
matica

l theor
em

that th
e area

fractio
n filled

by par
ticles

in an i
nterse

cting p
lane

(or a li
ne) is

equal
to q. T

hus, th
e one-

dimen
sional

indica
trix fo

r

a laye
r is

ρb = q · rb

ρf = q · rf + 1
− q.

(10)

The al
bedo o

f a half
-infini

te pile
of the

layers
can be

calcul
ated

as seri
es on

order
of sca

ttering
betwe

en the
layers

A = ρb+ ρ
2
f A

+ ρ
2
fρb

A2 + · · · = ρb+ ρ
2
f A/(1− ρbA

). (11)

FIG.
2. The as

ymme
try η= rf/rb

of the
one-di

mensi
onal in

dicatri
x of a

particl
e as a

functi
on of i

ts opti
cal den

sity at
differe

nt valu
es of r

efracti
ve ind

ex.

Curve
s 1, 2,

and 3
corres

pond t
o the f

ollowi
ng n: 1

.33, 1.
55, an

d 2.0.

Then

A =
1+ ρ

2
b − ρ

2
f

2ρb
−

√( 1+ ρ
2
b − ρ

2
f

2ρb

)2
− 1.

(12)

Invers
ion of

the m
odel.

An im
portan

t chara
cterist

ic of t
he

model
is its i

nvertib
ility, i.

e., the
imagin

ary pa
rt κ of

the su
rface

materi
al can

be fou
nd, if

the alb
edo is

known
and es

timati
ons

for the
param

eters n
, S, an

d q ar
e avai

lable.
The re

lations
(12)

can be
consid

ered a
s equa

tions f
or κ a

nd exa
ctly so

lved,

κ = −
λ

4π S
ln

⎡

⎣
b
a
+

√( b
a

)2
−
c
a

⎤

⎦ ,
(13)

where

a = TeTi(y
Ri + qTe),

b = yRbRi
+
q
2
T2e (1

+ Ti)− Te(1− qRb),

c = 2yRb
− 2Te(

1− qRb)+
qT

2
e ,

y = (1− A)2 /2
A.

Note o
nce ag

ain tw
o adva
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of our

model
: (1) a

s disti
nct

from o
thers,

our mo
del inc

ludes e
xplicit

depen
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on por
osity

and en
ables u

s to ca
lculate

its effe
ct; (2)

themo
del is a

nalytic
ally

inverti
ble, i.e

., expl
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e are d
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that al
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of refr
active

index
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value,

if a pr
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ta on
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of refr
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and su
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porosi
ty are

known
.
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Calculations of Rb, Re, and Ri in the range of n= 1.4–1.7showed the following empirical approximations to be satisfac-tory:

Rb ≈ (0.28 · n − 0.20)Re, (8a)
Re ≈ ro + 0.05, (8b)
Ri ≈ 1.04− 1/n2, (8c)

where ro = (n − 1)2/(n + 1)2 is the Fresnel coefficient at thenormal incidence. Due to the total internal reflection, Ri is al-ways larger than Re. Note that the approximation (8b) has beenpublished by Hapke (1981).
Now we evaluate the probabilities Wm . This is easy to dofor a large order of scattering when a light beam “forgets” itsinitial direction and all directions become equally probable—forthis case Wm = 1/2. Such an estimation is not correct for smallm becauseW2 = 0, since the light transmitted through a particlewithout internal reflections cannot be directed toward the source.Unfortunately, in the frames of the approach proposed, a moredetailed estimation of Wm is impossible; so we assume furtherthat W2 = 0 and Wm = 1/2 for m> 2. In this assumption, theseries becomegeometric progressions and are easily summated:

rb = Rb + 1
2
TeTiRi exp(−2τ )/(1− Ri exp(−τ )), (9a)

rf = Rf + TeTi exp(−τ )+ 1
2
TeTiRi exp(−2τ )/

(1− Ri exp(−τ )). (9b)

Thus, the values rb and rf represent the one-dimensional (an-gularly averaged) light scattering indicatrix of a particle. It isinteresting to calculate the parameter of indicatrix asymmetry:η= rf/rb. In Fig. 2 the value η is given as a function of absorp-tion. As one can see, the ratio rf/rb versus τ has a maximum atτ near 0.2.

Albedo of a particulate surface. The next problem is to usethe indicatrix of a particle to calculate the albedo (reflectance)A of a surface. Denote q the volume fraction filled by particles.For a randomly packedmedium, there is amathematical theoremthat the area fraction filled by particles in an intersecting plane(or a line) is equal to q. Thus, the one-dimensional indicatrix fora layer is

ρb = q · rb
ρf = q · rf + 1− q.

(10)

The albedo of a half-infinite pile of the layers can be calculatedas series on order of scattering between the layers

A = ρb + ρ2f A+ ρ2f ρbA2 + · · · = ρb + ρ2f A/(1− ρbA). (11)

FIG. 2. The asymmetry η= rf/rb of the one-dimensional indicatrix of aparticle as a function of its optical density at different values of refractive index.Curves 1, 2, and 3 correspond to the following n: 1.33, 1.55, and 2.0.

Then

A = 1+ ρ2b − ρ2f
2ρb

−

√(
1+ ρ2b − ρ2f

2ρb

)2
− 1. (12)

Inversion of the model. An important characteristic of themodel is its invertibility, i.e., the imaginary part κ of the surfacematerial can be found, if the albedo is known and estimationsfor the parameters n, S, and q are available. The relations (12)can be considered as equations for κ and exactly solved,

κ = − λ

4π S
ln

⎡

⎣b
a

+

√(
b
a

)2
− c
a

⎤

⎦ , (13)

where

a = TeTi(yRi + qTe),

b = yRbRi +
q
2
T 2e (1+ Ti)− Te(1− qRb),

c = 2yRb − 2Te(1− qRb)+ qT 2e ,

y = (1− A)2/2A.

Note once again two advantages of our model: (1) as distinctfrom others, our model includes explicit dependence on porosityand enables us to calculate its effect; (2) themodel is analyticallyinvertible, i.e., explicit formulae are derived that allow calcula-tions of the imaginary part of refractive index from albedo value,if a priori data on the real part of refractive index and surfaceporosity are known.
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Approximation of Radiative Transfer for
Surface Spectral Features

Frédéric Schmidt

Abstract— Remote sensing hyperspectral and, more generally,
spectral instruments are common tools to decipher surface
features in Earth and Planetary science. While linear mixture
is the most common approximation for compounds detection
(mineral, water, ice, and so on), the transfer of light in surface and
atmospheric medium are highly nonlinear. The exact simulation
of nonlinearities can be estimated at very high numerical cost.
Here, I propose a very simple nonlinear form (that includes the
regular linear area mixture) of radiative transfer to approximate
surface spectral feature. I demonstrate that this analytical form
is able to approximate the grain size and intimate mixture
dependence of surface features. In addition, the same analytical
form can approximate the effect of Martian mineral aerosols.
Unfortunately, Earth aerosols are more complex (water droplet,
water ice, soot, and so on) and are not expected to follow the
same trend.

Index Terms— Aerosols scattering, grain size, hyperspectral,
intimate mixture, nonlinear, radiative transfer, unmixing.

I. INTRODUCTION

REMOTE sensing hyperspectral images and spectral data
are highly valuable to decipher surface’s characteristics,

such as composition but also grain size and roughness. The
standard approximation for data analysis is the linear mixing.
This approximation has been used to propose algorithms
to estimate abundances, knowing the end-members (usually
laboratory of pure chemical compounds), incorporating several
levels of complexity, such as positivity constraint [1], spar-
sity [2], and end-member variability [3]. Also, this approx-
imation can be used in a nonsupervised manner, leading
to other class of algorithm, such as principal/independent
component analysis [4] and blind source separation [5]. This
type of approach has been reviewed in [6]. Adding nonlinear
complexity is often out of the scope of such algorithms due
to overwhelm complexity. More recently, some nonlinearities
have been included in the data analysis in bilinear form [7],
using kernels [2]. This type of model has been reviewed
in [8] and [9]. Unfortunately, the full nonlinearities are only
tractable using Bayesian Monte Carlo inversion approach, such
as in [10], [11], and [12]. The latter class of method is very
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powerful but is impossible to apply on large spectral data,
especially when the end-members are not known beforehand.
The standard data analysis has, thus, two steps: 1) performing
a relatively fast algorithm to identify the compounds and 2) a
robust algorithm to quantify the surface properties.

In the spirit of [3] who proposed a simplification of Hapke’s
theory [13], here, I propose a new approximation of radiative
transfer in soil and Martian atmosphere in order to mimic
nonlinear effect of light propagation in complex media. This
formulation shall be used to define a new generation of algo-
rithms. Please note that the Hapke’s work [13] and Shkuratov
model [14] are only valid in geometrical optic approximation,
i.e., for grain size larger than wavelength.

A. Method
The standard mixing model used for spectra data analysis

is the linear mixture of spectra

Y =
NX

i=1

Ai.Si (1)

with Y the simulation spectra, Si the collection N spectra,
referred as spectral database, Ai the mixing coefficient, and
N j the number of spectral bands.

In order to easily mimic the effect of the main nonlinear
effect: grain size, intimate mixture, and aerosols, I propose to
add an alteration in the form of

Y =
NX

i=1

Ai .Si
↵ + � (2)

with ↵ > 0 an exponent that models the change in band depth
and � a constant that models the brightness-level change. Si

↵

does not represent a matrix exponentiation but a single value
operation on each element of Si. If the grain size/aerosols are
not homogeneous in the scene, ↵ and � may change spatially.

In order to validate the ability of this simple model to
reproduce nonlinear effect, we compare it with nonlinear
simulation, such as in [15]. The effect of grain size is simulated
using the Shkuratov model [14], assuming a refractive index of
1.7, a porosity of 20%, and a grain size �. We first estimate the
imaginary part of the optical constant  and then regenerate a
synthetic spectra with a new grain size � ⇤ fact. The grain size
factor fact varies from 10�3 to 103. In case of granular mixture,
we tested the proportion of 100%, 99.9%, 99%, 90%, 66%,
and 50% and their complementary part (called prop). We used
the same 26 mineral spectra as in [15].

1558-0571 © 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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• Simple non-linearity of abundances, under constraints



SCHMIDT: APPROXIMATION OF RADIATIVE TRANSFER FOR SURFACE SPECTRAL FEATURES 5503303

Fig. 4. Validation of the linear approximation of nonlinear radiative transfer
model on Martian aerosols effect on a gypsum spectrum. aot stands for AOT
(⌧ ) and represents the aerosols quantity in the atmosphere with an attenuation
of e�⌧ at 1 µm.

correction � is negative and decreases with larger AOT as
expected, since the pure spectra are brighter than the aerosols
contribution. Again, the rms is lower than 10�2 for 96% of
the cases (maximum at 3.6 ⇥ 10�2), demonstrating that the
approximation is valid in a very large range of surface material
and aerosols content for Mars.

Please note that contrarily to Earth, Martian atmospheric gas
absorption can be corrected independently, since the aerosols
are confined in the lower layers of the atmosphere [21].
Applying this strategy on Earth is unfortunately more difficult
also because of the high variability of terrestrial aerosols
(water ice, droplet, soot, and so on). As a perspective, I could
propose to include the spectra of optically thick aerosols in
the spectra end-member library.

II. CONCLUSION

A new nonlinear formulation is proposed to approximate
radiative transfer in the surface granular material and in
Martian aerosols scattering. Using simple fitting procedure,
I demonstrated that this formulation is coherent with the full
nonlinear formulation and by construction to linear aerial
mixture. Future algorithms should be based on this new
formulation. Ideally, the methods should be able to estimate ↵

and �, at the same time as A (and S in case of nonsupervised
approach). An application to real Martian data has been
performed [22]. In a case of supervised unmixing, one could
build an extended dictionary from the database of end-member
spectra S by applying several ↵ values, using S0 = S↵ .
By adapting usual method using sparsity constraint, one should
be able to estimate the abundances A.
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(Io and I are intensities of light in the points of entrance and exit,
respectively). Summation over all ray trajectories, i.e., over all
entrance points and all branching points for each entrance point
provides the intensity of light reflected by the medium.

Method of summation. For an analytic summation, different
methods are applied. To demonstrate one of them, we use a
simple example. Consider a ray incident on the particle interface
at an angle θin. Refracting into the particle the ray is reflected
m times from the internal side of the particle interface at angles
θν (ν= 1−m) and then emerges from the particle at an angle
θem. The intensity of the ray is

I = Io · T (θem) · T (θin) · exp
(

−4πκ
λ

m∑

ν=0
sν

)
·

m∏

ν=0
R(θν), (1)

where T (θin) and T (θem) are the transmission coefficients for
light coming and outgoing, R(θν) is the reflectance coefficient
for νth reflection by the internal side of particle interface (at
ν= 0, R= 1), and sν is the distance between internal reflections.
Now a subset of rays scattered by the particle such that the rays
in the subset are distinguished by the entrance angles θin can be
considered. Summing (averaging) all the rays yields

Ī = Io · T̄ in · T (θem) ·
m∏

ν=0
R(θν) · exp

(
−4πκ

λ

m∑

ν=0
sν

)
. (2)

We can repeat this procedure for the angle θem, each angle θν ,
and distance sν . Then

⟨I ⟩ = Io · T̄ in · T̄ em ·
m∏

ν=0
R̄(θν) · exp

(
−4πκ

λ

m∑

ν=0
sν

)
. (3)

The average path length S in the particle between two internal
reflections is defined as

exp
(

−4πκ
λ

m∑

ν=0
sν

)
= exp

(
−4πκ

λ
mS

)
. (4)

Belowwe ignore the symbols of averaging and use the following
designation: Te and Ti are the average transmittances for light
penetrating into particle from outside and in the opposite direc-
tion, respectively, and Ri is the average coefficient of internal
reflection inside particle.

Albedo of a particle. Denote rb and rf the fractions of light
flux scattered by a particle into the backward and forward hemi-
sphere, respectively. They can be presented as series on mul-
tiplicity scattering, where the first term is the fraction of the
incident flux reflected by the surface of a particle, the second
one describes the flux transmitted through a particle, the third

one takes an internal reflection into account, and so on; i.e.,

rb = Rb + W2TeTi exp(−τ )+ W3TeTiRi exp(−2τ )+ · · ·

= Rb + TeTi
∞∑

m=1
Wm+1Rm−1

i exp(−mτ ), (5a)

rf = Rf + (1− W2)TeTi exp(−τ )

+ (1− W3)TeTiRi exp(−2τ )+ · · ·

= Rf + TeTi
∞∑

m=1
(1− Wm+1)Rm−1

i exp(−mτ ), (5b)

where τ is defined in the beginning of this section, Wm are the
probabilities for the beam to emerge backward atmth scattering,
Rb and Rf are the average (backward and forward) reflectance
coefficients. They are

Rb =
∫ 2π
0 dψ

∫ π/4
0 dθ · Ro(n, θ ) · cos θ · sin θ

∫ 2π
0 dψ

∫ π/2
0 dθ · cos θ · sin θ

= 2
∫ π/4

0
dθ · Ro(n, θ ) · cos θ · sin θ, (6a)

Rf =
∫ 2π
0 dψ

∫ π/2
π/4 dθ · Ro(n, θ ) · cos θ · sin θ

∫ 2π
0 dψ

∫ π/2
0 dθ · cos θ · sin θ

= 2
∫ π/2

π/4
dθ · Ro(n, θ ) · cos θ · sin θ, (6b)

where Ro is the Fresnel coefficient. The value Ri can be found
as

Ri −
∫ 2π
0 dψ

∫ π/2
0 dθ · Ro

( 1
n , θ

)
· cos θ · sin θ

∫ 2π
0 dψ

∫ π/2
0 dθ · cos θ · sin θ

= n2 − 1
n2

+ 2
∫ θo

0
dθ · Ro

(
1
n
, θ

)
· cos θ · sin θ, (6c)

where θo = arc sin(1/n) is the angle of the full internal reflection.
The average transmittances Te and Ti are calculated in the same
way by averaging transmission coefficients.
For a homogeneous particle (without a thin light-absorbing

layer on the surface) there are simple relations between the val-
ues of R- and T -type. Denote Re = Rb + Rf. Then

Te = 1− Re, Ti = 1− Ri. (7a)

Integration of (6c) gives

Ti = Te/n2, Ri = 1− (1− Re)/n2. (7b)
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(Io and I are intensities of light in the points of entrance and exit,

respectively). Summation over all ray trajectories, i.e., over all

entrance points and all branching points for each entrance point

provides the intensity of light reflected by the medium.

Method of summation. For an analytic summation, different

methods are applied. To demonstrate one of them, we use a

simple example. Consider a ray incident on the particle interface

at an angle θin . Refracting into the particle the ray is reflected

m times from the internal side of the particle interface at angles

θ
ν (ν= 1−m) and then emerges from the particle at an angle

θem . The intensity of the ray is

I = Io · T (θem ) · T (θin ) · exp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
· m∏

ν=0
R(θ

ν ), (1)

where T (θin ) and T (θem ) are the transmission coefficients for

light coming and outgoing, R(θ
ν ) is the reflectance coefficient

for νth reflection by the internal side of particle interface (at

ν= 0, R= 1), and sν is the distance between internal reflections.

Now a subset of rays scattered by the particle such that the rays

in the subset are distinguished by the entrance angles θin can be

considered. Summing (averaging) all the rays yields

Ī = Io · T̄
in · T (θem ) · m∏

ν=0
R(θ

ν ) · exp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
.
(2)

We can repeat this procedure for the angle θem , each angle θ
ν ,

and distance s
ν . Then⟨I ⟩ = Io · T̄

in · T̄
em · m∏

ν=0
R̄(θ

ν ) · exp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
.
(3)

The average path length S in the particle between two internal

reflections is defined asexp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
= exp

(
− 4πκ
λ mS

)
.

(4)

Belowwe ignore the symbols of averaging and use the following

designation: Te and Ti are the average transmittances for light

penetrating into particle from outside and in the opposite direc-

tion, respectively, and Ri is the average coefficient of internal

reflection inside particle.

Albedo of a particle. Denote rb and rf the fractions of light

flux scattered by a particle into the backward and forward hemi-

sphere, respectively. They can be presented as series on mul-

tiplicity scattering, where the first term is the fraction of the

incident flux reflected by the surface of a particle, the second

one describes the flux transmitted through a particle, the third

one takes an internal reflection into account, and so on; i.e.,

rb = Rb +W
2 Te Ti exp(−τ )+W

3 Te Ti Ri exp(−2τ )+ · · ·

= Rb + Te Ti
∞∑

m=1
W
m+1 R m−1i exp(−mτ ),

(5a)

rf = Rf + (1−W
2 )Te Ti exp(−τ )

+ (1−W
3 )Te Ti Ri exp(−2τ )+ · · ·

= Rf + Te Ti
∞∑

m=1
(1−W

m+1 )R m−1i exp(−mτ ),
(5b)

where τ is defined in the beginning of this section, W
m are the

probabilities for the beam to emerge backward atmth scattering,

Rb and Rf are the average (backward and forward) reflectance

coefficients. They areRb = ∫
2π0 dψ ∫

π/40 dθ · Ro (n, θ ) · cos θ · sin θ

∫
2π0 dψ ∫

π/20 dθ · cos θ · sin θ

= 2
∫
π/4

0 dθ · Ro (n, θ ) · cos θ · sin θ,

(6a)

Rf =
∫
2π0 dψ ∫

π/2π/4 dθ · Ro (n, θ ) · cos θ · sin θ

∫
2π0 dψ ∫

π/20 dθ · cos θ · sin θ

= 2
∫
π/2

π/4 dθ · Ro (n, θ ) · cos θ · sin θ,

(6b)

where Ro is the Fresnel coefficient. The value Ri can be found

as

Ri −
∫
2π0 dψ ∫

π/20 dθ · Ro (
1
n , θ )

· cos θ · sin θ

∫
2π0 dψ ∫

π/20 dθ · cos θ · sin θ

= n 2− 1n 2 + 2
∫
θo

0 dθ · Ro
(
1

n , θ
)
· cos θ · sin θ, (6c)

where θo = arc sin(1/n) is the angle of the full internal reflection.

The average transmittances Te and Ti are calculated in the same

way by averaging transmission coefficients.

For a homogeneous particle (without a thin light-absorbing

layer on the surface) there are simple relations between the val-

ues of R- and T -type. Denote Re = Rb + Rf . Then

Te = 1− Re ,
Ti = 1− Ri .

(7a)

Integration of (6c) givesTi = Te /n 2
,

Ri = 1− (1− Re )/n 2
.

(7b)
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· n − 0.20
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2 ,

(8c)
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TeTiRi

exp(−
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− Ri exp
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1
2
TeTiRi

exp(−
2τ )/

(1− Ri exp
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Calculations of Rb, Re, and Ri in the range of n= 1.4–1.7showed the following empirical approximations to be satisfac-tory:

Rb ≈ (0.28 · n − 0.20)Re, (8a)
Re ≈ ro + 0.05, (8b)
Ri ≈ 1.04− 1/n2, (8c)

where ro = (n − 1)2/(n + 1)2 is the Fresnel coefficient at thenormal incidence. Due to the total internal reflection, Ri is al-ways larger than Re. Note that the approximation (8b) has beenpublished by Hapke (1981).
Now we evaluate the probabilities Wm . This is easy to dofor a large order of scattering when a light beam “forgets” itsinitial direction and all directions become equally probable—forthis case Wm = 1/2. Such an estimation is not correct for smallm becauseW2 = 0, since the light transmitted through a particlewithout internal reflections cannot be directed toward the source.Unfortunately, in the frames of the approach proposed, a moredetailed estimation of Wm is impossible; so we assume furtherthat W2 = 0 and Wm = 1/2 for m> 2. In this assumption, theseries becomegeometric progressions and are easily summated:

rb = Rb + 1
2
TeTiRi exp(−2τ )/(1− Ri exp(−τ )), (9a)

rf = Rf + TeTi exp(−τ )+ 1
2
TeTiRi exp(−2τ )/

(1− Ri exp(−τ )). (9b)

Thus, the values rb and rf represent the one-dimensional (an-gularly averaged) light scattering indicatrix of a particle. It isinteresting to calculate the parameter of indicatrix asymmetry:η= rf/rb. In Fig. 2 the value η is given as a function of absorp-tion. As one can see, the ratio rf/rb versus τ has a maximum atτ near 0.2.

Albedo of a particulate surface. The next problem is to usethe indicatrix of a particle to calculate the albedo (reflectance)A of a surface. Denote q the volume fraction filled by particles.For a randomly packedmedium, there is amathematical theoremthat the area fraction filled by particles in an intersecting plane(or a line) is equal to q. Thus, the one-dimensional indicatrix fora layer is

ρb = q · rb
ρf = q · rf + 1− q.

(10)

The albedo of a half-infinite pile of the layers can be calculatedas series on order of scattering between the layers

A = ρb + ρ2f A+ ρ2f ρbA2 + · · · = ρb + ρ2f A/(1− ρbA). (11)

FIG. 2. The asymmetry η= rf/rb of the one-dimensional indicatrix of aparticle as a function of its optical density at different values of refractive index.Curves 1, 2, and 3 correspond to the following n: 1.33, 1.55, and 2.0.

Then

A = 1+ ρ2b − ρ2f
2ρb

−

√(
1+ ρ2b − ρ2f

2ρb

)2
− 1. (12)

Inversion of the model. An important characteristic of themodel is its invertibility, i.e., the imaginary part κ of the surfacematerial can be found, if the albedo is known and estimationsfor the parameters n, S, and q are available. The relations (12)can be considered as equations for κ and exactly solved,

κ = − λ

4π S
ln

⎡

⎣b
a

+

√(
b
a

)2
− c
a

⎤

⎦ , (13)

where

a = TeTi(yRi + qTe),

b = yRbRi +
q
2
T 2e (1+ Ti)− Te(1− qRb),

c = 2yRb − 2Te(1− qRb)+ qT 2e ,

y = (1− A)2/2A.

Note once again two advantages of our model: (1) as distinctfrom others, our model includes explicit dependence on porosityand enables us to calculate its effect; (2) themodel is analyticallyinvertible, i.e., explicit formulae are derived that allow calcula-tions of the imaginary part of refractive index from albedo value,if a priori data on the real part of refractive index and surfaceporosity are known.
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(Io and I are intensities of light in the points of entrance and exit,
respectively). Summation over all ray trajectories, i.e., over all
entrance points and all branching points for each entrance point
provides the intensity of light reflected by the medium.

Method of summation. For an analytic summation, different
methods are applied. To demonstrate one of them, we use a
simple example. Consider a ray incident on the particle interface
at an angle θin. Refracting into the particle the ray is reflected
m times from the internal side of the particle interface at angles
θν (ν= 1−m) and then emerges from the particle at an angle
θem. The intensity of the ray is

I = Io · T (θem) · T (θin) · exp
(

−4πκ
λ

m∑

ν=0
sν

)
·

m∏

ν=0
R(θν), (1)

where T (θin) and T (θem) are the transmission coefficients for
light coming and outgoing, R(θν) is the reflectance coefficient
for νth reflection by the internal side of particle interface (at
ν= 0, R= 1), and sν is the distance between internal reflections.
Now a subset of rays scattered by the particle such that the rays
in the subset are distinguished by the entrance angles θin can be
considered. Summing (averaging) all the rays yields

Ī = Io · T̄ in · T (θem) ·
m∏

ν=0
R(θν) · exp

(
−4πκ

λ

m∑

ν=0
sν

)
. (2)

We can repeat this procedure for the angle θem, each angle θν ,
and distance sν . Then

⟨I ⟩ = Io · T̄ in · T̄ em ·
m∏

ν=0
R̄(θν) · exp

(
−4πκ

λ

m∑

ν=0
sν

)
. (3)

The average path length S in the particle between two internal
reflections is defined as

exp
(

−4πκ
λ

m∑

ν=0
sν

)
= exp

(
−4πκ

λ
mS

)
. (4)

Belowwe ignore the symbols of averaging and use the following
designation: Te and Ti are the average transmittances for light
penetrating into particle from outside and in the opposite direc-
tion, respectively, and Ri is the average coefficient of internal
reflection inside particle.

Albedo of a particle. Denote rb and rf the fractions of light
flux scattered by a particle into the backward and forward hemi-
sphere, respectively. They can be presented as series on mul-
tiplicity scattering, where the first term is the fraction of the
incident flux reflected by the surface of a particle, the second
one describes the flux transmitted through a particle, the third

one takes an internal reflection into account, and so on; i.e.,

rb = Rb + W2TeTi exp(−τ )+ W3TeTiRi exp(−2τ )+ · · ·

= Rb + TeTi
∞∑

m=1
Wm+1Rm−1

i exp(−mτ ), (5a)

rf = Rf + (1− W2)TeTi exp(−τ )

+ (1− W3)TeTiRi exp(−2τ )+ · · ·

= Rf + TeTi
∞∑

m=1
(1− Wm+1)Rm−1

i exp(−mτ ), (5b)

where τ is defined in the beginning of this section, Wm are the
probabilities for the beam to emerge backward atmth scattering,
Rb and Rf are the average (backward and forward) reflectance
coefficients. They are

Rb =
∫ 2π
0 dψ

∫ π/4
0 dθ · Ro(n, θ ) · cos θ · sin θ

∫ 2π
0 dψ

∫ π/2
0 dθ · cos θ · sin θ

= 2
∫ π/4

0
dθ · Ro(n, θ ) · cos θ · sin θ, (6a)

Rf =
∫ 2π
0 dψ

∫ π/2
π/4 dθ · Ro(n, θ ) · cos θ · sin θ

∫ 2π
0 dψ

∫ π/2
0 dθ · cos θ · sin θ

= 2
∫ π/2

π/4
dθ · Ro(n, θ ) · cos θ · sin θ, (6b)

where Ro is the Fresnel coefficient. The value Ri can be found
as

Ri −
∫ 2π
0 dψ

∫ π/2
0 dθ · Ro

( 1
n , θ

)
· cos θ · sin θ

∫ 2π
0 dψ

∫ π/2
0 dθ · cos θ · sin θ

= n2 − 1
n2

+ 2
∫ θo

0
dθ · Ro

(
1
n
, θ

)
· cos θ · sin θ, (6c)

where θo = arc sin(1/n) is the angle of the full internal reflection.
The average transmittances Te and Ti are calculated in the same
way by averaging transmission coefficients.
For a homogeneous particle (without a thin light-absorbing

layer on the surface) there are simple relations between the val-
ues of R- and T -type. Denote Re = Rb + Rf. Then

Te = 1− Re, Ti = 1− Ri. (7a)

Integration of (6c) gives

Ti = Te/n2, Ri = 1− (1− Re)/n2. (7b)
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(Io and I are intensities of light in the points of entrance and exit,

respectively). Summation over all ray trajectories, i.e., over all

entrance points and all branching points for each entrance point

provides the intensity of light reflected by the medium.

Method of summation. For an analytic summation, different

methods are applied. To demonstrate one of them, we use a

simple example. Consider a ray incident on the particle interface

at an angle θin . Refracting into the particle the ray is reflected

m times from the internal side of the particle interface at angles

θ
ν (ν= 1−m) and then emerges from the particle at an angle

θem . The intensity of the ray is

I = Io · T (θem ) · T (θin ) · exp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
· m∏

ν=0
R(θ

ν ), (1)

where T (θin ) and T (θem ) are the transmission coefficients for

light coming and outgoing, R(θ
ν ) is the reflectance coefficient

for νth reflection by the internal side of particle interface (at

ν= 0, R= 1), and sν is the distance between internal reflections.

Now a subset of rays scattered by the particle such that the rays

in the subset are distinguished by the entrance angles θin can be

considered. Summing (averaging) all the rays yields

Ī = Io · T̄
in · T (θem ) · m∏

ν=0
R(θ

ν ) · exp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
.
(2)

We can repeat this procedure for the angle θem , each angle θ
ν ,

and distance s
ν . Then⟨I ⟩ = Io · T̄

in · T̄
em · m∏

ν=0
R̄(θ

ν ) · exp
(
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.
(3)

The average path length S in the particle between two internal

reflections is defined asexp
(
− 4πκ
λ

m∑

ν=0
s
ν

)
= exp

(
− 4πκ
λ mS
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.

(4)

Belowwe ignore the symbols of averaging and use the following

designation: Te and Ti are the average transmittances for light

penetrating into particle from outside and in the opposite direc-

tion, respectively, and Ri is the average coefficient of internal

reflection inside particle.

Albedo of a particle. Denote rb and rf the fractions of light

flux scattered by a particle into the backward and forward hemi-

sphere, respectively. They can be presented as series on mul-

tiplicity scattering, where the first term is the fraction of the

incident flux reflected by the surface of a particle, the second

one describes the flux transmitted through a particle, the third

one takes an internal reflection into account, and so on; i.e.,

rb = Rb +W
2 Te Ti exp(−τ )+W

3 Te Ti Ri exp(−2τ )+ · · ·

= Rb + Te Ti
∞∑

m=1
W
m+1 R m−1i exp(−mτ ),

(5a)

rf = Rf + (1−W
2 )Te Ti exp(−τ )

+ (1−W
3 )Te Ti Ri exp(−2τ )+ · · ·

= Rf + Te Ti
∞∑

m=1
(1−W

m+1 )R m−1i exp(−mτ ),
(5b)

where τ is defined in the beginning of this section, W
m are the

probabilities for the beam to emerge backward atmth scattering,

Rb and Rf are the average (backward and forward) reflectance

coefficients. They areRb = ∫
2π0 dψ ∫

π/40 dθ · Ro (n, θ ) · cos θ · sin θ

∫
2π0 dψ ∫

π/20 dθ · cos θ · sin θ

= 2
∫
π/4

0 dθ · Ro (n, θ ) · cos θ · sin θ,

(6a)

Rf =
∫
2π0 dψ ∫

π/2π/4 dθ · Ro (n, θ ) · cos θ · sin θ

∫
2π0 dψ ∫

π/20 dθ · cos θ · sin θ

= 2
∫
π/2

π/4 dθ · Ro (n, θ ) · cos θ · sin θ,

(6b)

where Ro is the Fresnel coefficient. The value Ri can be found

as

Ri −
∫
2π0 dψ ∫

π/20 dθ · Ro (
1
n , θ )

· cos θ · sin θ

∫
2π0 dψ ∫

π/20 dθ · cos θ · sin θ

= n 2− 1n 2 + 2
∫
θo

0 dθ · Ro
(
1

n , θ
)
· cos θ · sin θ, (6c)

where θo = arc sin(1/n) is the angle of the full internal reflection.

The average transmittances Te and Ti are calculated in the same

way by averaging transmission coefficients.

For a homogeneous particle (without a thin light-absorbing

layer on the surface) there are simple relations between the val-

ues of R- and T -type. Denote Re = Rb + Rf . Then

Te = 1− Re ,
Ti = 1− Ri .

(7a)

Integration of (6c) givesTi = Te /n 2
,

Ri = 1− (1− Re )/n 2
.

(7b)
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Calculations of Rb, Re, and Ri in the range of n= 1.4–1.7showed the following empirical approximations to be satisfac-tory:

Rb ≈ (0.28 · n − 0.20)Re, (8a)
Re ≈ ro + 0.05, (8b)
Ri ≈ 1.04− 1/n2, (8c)

where ro = (n − 1)2/(n + 1)2 is the Fresnel coefficient at thenormal incidence. Due to the total internal reflection, Ri is al-ways larger than Re. Note that the approximation (8b) has beenpublished by Hapke (1981).
Now we evaluate the probabilities Wm . This is easy to dofor a large order of scattering when a light beam “forgets” itsinitial direction and all directions become equally probable—forthis case Wm = 1/2. Such an estimation is not correct for smallm becauseW2 = 0, since the light transmitted through a particlewithout internal reflections cannot be directed toward the source.Unfortunately, in the frames of the approach proposed, a moredetailed estimation of Wm is impossible; so we assume furtherthat W2 = 0 and Wm = 1/2 for m> 2. In this assumption, theseries becomegeometric progressions and are easily summated:

rb = Rb + 1
2
TeTiRi exp(−2τ )/(1− Ri exp(−τ )), (9a)

rf = Rf + TeTi exp(−τ )+ 1
2
TeTiRi exp(−2τ )/

(1− Ri exp(−τ )). (9b)

Thus, the values rb and rf represent the one-dimensional (an-gularly averaged) light scattering indicatrix of a particle. It isinteresting to calculate the parameter of indicatrix asymmetry:η= rf/rb. In Fig. 2 the value η is given as a function of absorp-tion. As one can see, the ratio rf/rb versus τ has a maximum atτ near 0.2.

Albedo of a particulate surface. The next problem is to usethe indicatrix of a particle to calculate the albedo (reflectance)A of a surface. Denote q the volume fraction filled by particles.For a randomly packedmedium, there is amathematical theoremthat the area fraction filled by particles in an intersecting plane(or a line) is equal to q. Thus, the one-dimensional indicatrix fora layer is

ρb = q · rb
ρf = q · rf + 1− q.

(10)

The albedo of a half-infinite pile of the layers can be calculatedas series on order of scattering between the layers

A = ρb + ρ2f A+ ρ2f ρbA2 + · · · = ρb + ρ2f A/(1− ρbA). (11)

FIG. 2. The asymmetry η= rf/rb of the one-dimensional indicatrix of aparticle as a function of its optical density at different values of refractive index.Curves 1, 2, and 3 correspond to the following n: 1.33, 1.55, and 2.0.

Then

A = 1+ ρ2b − ρ2f
2ρb

−

√(
1+ ρ2b − ρ2f

2ρb

)2
− 1. (12)

Inversion of the model. An important characteristic of themodel is its invertibility, i.e., the imaginary part κ of the surfacematerial can be found, if the albedo is known and estimationsfor the parameters n, S, and q are available. The relations (12)can be considered as equations for κ and exactly solved,

κ = − λ

4π S
ln

⎡

⎣b
a

+

√(
b
a

)2
− c
a

⎤

⎦ , (13)

where

a = TeTi(yRi + qTe),

b = yRbRi +
q
2
T 2e (1+ Ti)− Te(1− qRb),

c = 2yRb − 2Te(1− qRb)+ qT 2e ,

y = (1− A)2/2A.

Note once again two advantages of our model: (1) as distinctfrom others, our model includes explicit dependence on porosityand enables us to calculate its effect; (2) themodel is analyticallyinvertible, i.e., explicit formulae are derived that allow calcula-tions of the imaginary part of refractive index from albedo value,if a priori data on the real part of refractive index and surfaceporosity are known.
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Approximation of Radiative Transfer for
Surface Spectral Features
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Abstract— Remote sensing hyperspectral and, more generally,
spectral instruments are common tools to decipher surface
features in Earth and Planetary science. While linear mixture
is the most common approximation for compounds detection
(mineral, water, ice, and so on), the transfer of light in surface and
atmospheric medium are highly nonlinear. The exact simulation
of nonlinearities can be estimated at very high numerical cost.
Here, I propose a very simple nonlinear form (that includes the
regular linear area mixture) of radiative transfer to approximate
surface spectral feature. I demonstrate that this analytical form
is able to approximate the grain size and intimate mixture
dependence of surface features. In addition, the same analytical
form can approximate the effect of Martian mineral aerosols.
Unfortunately, Earth aerosols are more complex (water droplet,
water ice, soot, and so on) and are not expected to follow the
same trend.

Index Terms— Aerosols scattering, grain size, hyperspectral,
intimate mixture, nonlinear, radiative transfer, unmixing.

I. INTRODUCTION

REMOTE sensing hyperspectral images and spectral data
are highly valuable to decipher surface’s characteristics,

such as composition but also grain size and roughness. The
standard approximation for data analysis is the linear mixing.
This approximation has been used to propose algorithms
to estimate abundances, knowing the end-members (usually
laboratory of pure chemical compounds), incorporating several
levels of complexity, such as positivity constraint [1], spar-
sity [2], and end-member variability [3]. Also, this approx-
imation can be used in a nonsupervised manner, leading
to other class of algorithm, such as principal/independent
component analysis [4] and blind source separation [5]. This
type of approach has been reviewed in [6]. Adding nonlinear
complexity is often out of the scope of such algorithms due
to overwhelm complexity. More recently, some nonlinearities
have been included in the data analysis in bilinear form [7],
using kernels [2]. This type of model has been reviewed
in [8] and [9]. Unfortunately, the full nonlinearities are only
tractable using Bayesian Monte Carlo inversion approach, such
as in [10], [11], and [12]. The latter class of method is very
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powerful but is impossible to apply on large spectral data,
especially when the end-members are not known beforehand.
The standard data analysis has, thus, two steps: 1) performing
a relatively fast algorithm to identify the compounds and 2) a
robust algorithm to quantify the surface properties.

In the spirit of [3] who proposed a simplification of Hapke’s
theory [13], here, I propose a new approximation of radiative
transfer in soil and Martian atmosphere in order to mimic
nonlinear effect of light propagation in complex media. This
formulation shall be used to define a new generation of algo-
rithms. Please note that the Hapke’s work [13] and Shkuratov
model [14] are only valid in geometrical optic approximation,
i.e., for grain size larger than wavelength.

A. Method
The standard mixing model used for spectra data analysis

is the linear mixture of spectra

Y =
NX

i=1

Ai.Si (1)

with Y the simulation spectra, Si the collection N spectra,
referred as spectral database, Ai the mixing coefficient, and
N j the number of spectral bands.

In order to easily mimic the effect of the main nonlinear
effect: grain size, intimate mixture, and aerosols, I propose to
add an alteration in the form of

Y =
NX

i=1

Ai .Si
↵ + � (2)

with ↵ > 0 an exponent that models the change in band depth
and � a constant that models the brightness-level change. Si

↵

does not represent a matrix exponentiation but a single value
operation on each element of Si. If the grain size/aerosols are
not homogeneous in the scene, ↵ and � may change spatially.

In order to validate the ability of this simple model to
reproduce nonlinear effect, we compare it with nonlinear
simulation, such as in [15]. The effect of grain size is simulated
using the Shkuratov model [14], assuming a refractive index of
1.7, a porosity of 20%, and a grain size �. We first estimate the
imaginary part of the optical constant  and then regenerate a
synthetic spectra with a new grain size � ⇤ fact. The grain size
factor fact varies from 10�3 to 103. In case of granular mixture,
we tested the proportion of 100%, 99.9%, 99%, 90%, 66%,
and 50% and their complementary part (called prop). We used
the same 26 mineral spectra as in [15].
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• Simple non-linearity of abundances, under constraints

Gurgurewicz, J., et al., 2022. Megashears and hydrothermalism at the Martian crustal 
dichotomy in Valles Marineris. Nature Communications Earth and Environment, 3(1).



Theory
• Estimation of endmember spectra (lab) and abundances 

under constraints:

Observation

subject to 
positivity

sum-to-one

Number of endmember
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spectral instruments are common tools to decipher surface
features in Earth and Planetary science. While linear mixture
is the most common approximation for compounds detection
(mineral, water, ice, and so on), the transfer of light in surface and
atmospheric medium are highly nonlinear. The exact simulation
of nonlinearities can be estimated at very high numerical cost.
Here, I propose a very simple nonlinear form (that includes the
regular linear area mixture) of radiative transfer to approximate
surface spectral feature. I demonstrate that this analytical form
is able to approximate the grain size and intimate mixture
dependence of surface features. In addition, the same analytical
form can approximate the effect of Martian mineral aerosols.
Unfortunately, Earth aerosols are more complex (water droplet,
water ice, soot, and so on) and are not expected to follow the
same trend.
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I. INTRODUCTION

REMOTE sensing hyperspectral images and spectral data
are highly valuable to decipher surface’s characteristics,

such as composition but also grain size and roughness. The
standard approximation for data analysis is the linear mixing.
This approximation has been used to propose algorithms
to estimate abundances, knowing the end-members (usually
laboratory of pure chemical compounds), incorporating several
levels of complexity, such as positivity constraint [1], spar-
sity [2], and end-member variability [3]. Also, this approx-
imation can be used in a nonsupervised manner, leading
to other class of algorithm, such as principal/independent
component analysis [4] and blind source separation [5]. This
type of approach has been reviewed in [6]. Adding nonlinear
complexity is often out of the scope of such algorithms due
to overwhelm complexity. More recently, some nonlinearities
have been included in the data analysis in bilinear form [7],
using kernels [2]. This type of model has been reviewed
in [8] and [9]. Unfortunately, the full nonlinearities are only
tractable using Bayesian Monte Carlo inversion approach, such
as in [10], [11], and [12]. The latter class of method is very
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powerful but is impossible to apply on large spectral data,
especially when the end-members are not known beforehand.
The standard data analysis has, thus, two steps: 1) performing
a relatively fast algorithm to identify the compounds and 2) a
robust algorithm to quantify the surface properties.

In the spirit of [3] who proposed a simplification of Hapke’s
theory [13], here, I propose a new approximation of radiative
transfer in soil and Martian atmosphere in order to mimic
nonlinear effect of light propagation in complex media. This
formulation shall be used to define a new generation of algo-
rithms. Please note that the Hapke’s work [13] and Shkuratov
model [14] are only valid in geometrical optic approximation,
i.e., for grain size larger than wavelength.

A. Method
The standard mixing model used for spectra data analysis

is the linear mixture of spectra

Y =
NX

i=1

Ai.Si (1)

with Y the simulation spectra, Si the collection N spectra,
referred as spectral database, Ai the mixing coefficient, and
N j the number of spectral bands.

In order to easily mimic the effect of the main nonlinear
effect: grain size, intimate mixture, and aerosols, I propose to
add an alteration in the form of

Y =
NX

i=1

Ai .Si
↵ + � (2)

with ↵ > 0 an exponent that models the change in band depth
and � a constant that models the brightness-level change. Si

↵

does not represent a matrix exponentiation but a single value
operation on each element of Si. If the grain size/aerosols are
not homogeneous in the scene, ↵ and � may change spatially.

In order to validate the ability of this simple model to
reproduce nonlinear effect, we compare it with nonlinear
simulation, such as in [15]. The effect of grain size is simulated
using the Shkuratov model [14], assuming a refractive index of
1.7, a porosity of 20%, and a grain size �. We first estimate the
imaginary part of the optical constant  and then regenerate a
synthetic spectra with a new grain size � ⇤ fact. The grain size
factor fact varies from 10�3 to 103. In case of granular mixture,
we tested the proportion of 100%, 99.9%, 99%, 90%, 66%,
and 50% and their complementary part (called prop). We used
the same 26 mineral spectra as in [15].
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A. Non-linearities ? grain size ? aerosols ?

B. Large endmember set ?



dim = 50

Algorithms

• FCLS

• MELSUM

• Primal-dual interior-point

• GPU implementation

dim = 100

Chouzenoux, E.; Legendre, M.; Moussaoui, S. & Idier, J. Fast Constrained Least Squares Spectral Unmixing Using Primal-Dual Interior-Point Optimization 
Selected Topics in Applied Earth Observations and Remote Sensing, IEEE Journal of, 2014, 7, 59-69, http://dx.doi.org/10.1109/JSTARS.2013.2266732

Legendre, M.; Capriotti, L.; Schmidt, F.; Moussaoui, S. & Schmidt, A. GPU implementation issues for fast unmixing of hyperspectral images EGU General 
Assembly Conference Abstracts, 2013, 15, 11686,

Heinz, D. & I-Chang, C., TGRS, 2001, 39, 529-545,

y = Sa+ error (1)

y ⇡ Sa (2)

y(�) =
NsX

i=1

Si(�).ai (3)

min ky � Sak , ai > 0,
NsX

i=1

ai = 1 (4)

1

y = Sa+ error (1)

y ⇡ Sa (2)

y(�) =
NsX

i=1

Si(�).ai (3)

min ky � Sak , ai > 0,
NsX

i=1

ai = 1 (4)

1

• LIMITATIONS : 50 endmembers << 100 wavelengths
How to deal with large spectral database (500 spectra) ?

Combe, J.-P.; et al.,  Analysis of OMEGA/Mars Express data hyperspectral data using a Multiple-Endmember Linear Spectral Unmixing Model (MELSUM): 
Methodology and first results Planetary and Space Science, 2008, 56, 951-975, http://dx.doi.org/10.1016/j.pss.2007.12.007
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Spectral database
• Selection of ~500 spectra from USGS
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Figure 3: Spectral library from USGS (Clark et al. (2003)), made of 500 labo-
ratory spectra. The spectral diversity is high and covers the entire parameter
space.
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Clark, R. N.; Swayze, G. A.; Wise, R.; Livo, K. E.; Hoefen, T. M.; Kokaly, R. F. & Sutley, S. J. USGS 
Digital Spectral Library splib05a U.S. Geological Survey, U.S. Geological Survey, 2003 http://
speclab.cr.usgs.gov/spectral-lib.html

Family name Minerals
Tectosilicates Plagioclases Andesine Anorthite Bytownite Labradorite Oligoclase

Feldspars Adularia Buddingtonite Celsian
Zeolites Analcime Chabazite Clinoptilolite Heulandite

Laumontite Mordenite Natrolite Scolecite Stilbite
Others Dipyre Lazurite Marialite Mizzonite Nepheline

Cyclosilicates Axinite Beryl Cordierite Elbaite Tourmaline
Inosilicates Pyroxenes Acmite Augite Bronzite Diopside Enstatite Fassaite

Hedenbergite Hypersthene Jadeite Pigeonite Pyroxene Spodumene
Amphiboles Actinolite Amphibole Anthophyllite Cummingtonite

Glaucophane Holmquistite Hornblende Hornblende_Fe
Hornblende_Mg Richterite Riebeckite

Smaragdite Tremolite Uralite
Others Pectolite Rhodonite

Nesosilicates Olivines Monticellite Olivine Tephroite
Garnets Almandine Andradite Grossular

Hydrogrossular Spessartine Uvarovite
Others Andalusite Datolite Dumortierite Sillimanite

Sphene Staurolite Topaz Zircon
Phyllosilicates Chlorites Chlorite Clinochlore Clinochlore_Fe Cookeite

Corrensite Prochlorite Thuringite
Biotites Annite Biotite Siderophyllite
Micas Illite Lepidolite Margarite Muscovite Paragonite

Phlogopite Rectorite Roscoelite
Clays Ammonio-Illite/Smec Ammonio-Smectite Endellite Halloysite

Hectorite Kaolinite Montmorillonite Nacrite Nontronite
Palygorskite Pyrophyllite Saponite Sauconite

Sepiolite Talc Vermiculite
Serpentines Antigorite Chrysotile Cronstedtite Dickite Lizardite Serpentine

Sorosilicates Allanite Clinozoisite Epidote Vesuvianite Zoisite
Oxides Iron oxides Chromite Ferrihydrite Goethite Hematite Ilmenite

Lepidocrosite Maghemite Magnetite
Others Brookite Brucite Cassiterite Chalcedony Corundum

Cuprite Diaspore Europium_Oxide Gibbsite Manganite
Neodymium_Oxide Niter Praseodymium_Oxide

Psilomelane Rutile Samarium_Oxide
Sulfides Arsenopyrite Chalcopyrite Covellite Galena

Pyrite Pyrrhotite Sphalerite
Sulfates Alunite Ammonio-jarosite Ammonioalunite Barite Bassanite

Bloedite Butlerite Copiapite Coquimbite Epsomite Eugsterite
Gypsum Jarosite Kainite Mascagnite Mirabilite

Polyhalite Syngenite
Carbonates Calcite Dolomite Rhodochrosite Siderite Strontianite Witherite

Na - rich Gaylussite Trona
Cu - rich Azurite Malachite

Halides Ammonium_Chloride Carnallite
Phosphates Hydroxyl-Apatite Monazite

Borates Colemanite Howlite Pinnoite Rivadavite Tincalconite Ulexite
Others Opal

• 216 groups of minerals
• 27 families of minerals

If 3 endmembers, 500x499x498 = 108 combinations to test !!!



More sophisticated estimates through Mixed Integer Programming (MIP)

y = Sa ( + errors )

S ; high number of endmembers

Spectral variability [Zare and Ho, 2014, Meyer et al., 2016]

) add more constraints to the problem

Models based on binary variables encoding the presence of each member in the data

bn = 1 , an 6= 0

; reformulated as 0  an  bn: Mixed Integer Programs

Sparsity: most abundances are zero [Iordache et al., 2011]

Structuration of the dictionary into groups [Meyer et al., 2016, Drumetz et al., 2019]

Minimum values on the nonzero coe�cients [never seen . . . ]

3 / 11
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S. Bourguignon, J. Ninin, H. Carfantan, and M. Mongeau, “Exact sparse approximation problems via mixed-integer programming : Formulations and computational 
performance,” IEEE Trans. Signal Process., vol. 64, no. 6, Mars 2016.

Algorithms: Mixed Integer Programming



Exact `0-norm sparsity

Only a small number of elementary spectra are used for representing the mixture
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! a must be sparse:

kak0 = Card(n|an 6= 0)  K

Standard sparse methods perform poorly (`1-norm, greedy algorithms)

; Exact `0-norm constraint:

min
a2[0,1]N , b2{0,1}N

1

2
ky � Sak2 s.t.

8
><

>:

0  a  b
PN

n=1 bn  K
PN

n=1 an = 1
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Mhenni, R. B., Bourguignon, S., & Ninin, J. (2019). Global optimization for sparse solution of least squares problems.

Mixed Integer 
Programming



To sum up: reformulations as Mixed-integer Programs (MIPs)

`0-norm sparsity

min
a2[0,1]N , b2{0,1}N

1

2
ky � Sak2 s.t.

8
><

>:

0  a  b
PN

n=1 bn  K
PN

n=1 an = 1

Group Exclusivity

min
a2[0,1]N , b2{0,1}N

1

2
ky � Sak2 s.t.

8
><

>:

0  a  b
P

i2Gj
bn  1

PN
n=1 an = 1

Significant Abundances

min
a2[0,1]N , b2{0,1}N

1

2
ky � Sak2 s.t.

(
⌧b  a  b
PN

n=1 an = 1

! E�cient resolution via numerical MIP solvers (ex. CPLEX)
! These constraints can be mixed
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Ben Mhenni, R.; Bourguignon, S.; Ninin, J. & Schmidt, F. Spectral Unmixing with Sparsity and Structuring Constraints Workshop on Hyperspectral Image and Signal Processing: 
Evolution in Remote Sensing (WHISPERS), 2018 9th Workshop, held 23-26 September 2018, Amsterdam, The Netherlands, 2018, 1-4

Constraints in Mixed Integer Programming



Results

y = Sa+ error (1)

y ⇡ Sa (2)

y(�) =
NsX

i=1

Si(�).ai (3)

min ky � Sak , ai > 0,
NsX

i=1

ai = 1 (4)

ysimul = Sa (5)

ysimul = Sa+ 0.1 (6)
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Conclusion

• New constraints from Mixed Integer Programming (group exclusivity)

• Can handle mineral but also family

• Family significantly improves the detectability even for ~500 spectra in 
the database

• Strong non-linearity still difficult to handle

• Future work : application on real data 

Schmidt, F. et al. IEEE Transaction in Geoscience and Remote Sensing, Institute of Electrical and 
Electronics Engineers (IEEE), 2023 submitted soon :-)
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Figure 11: Synthetic tests : Proportion of correctly identified spec-
tra/minerals/families in the mixture as a function of SNR (level alteration)
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